The mth Ratio Test:
New Convergence Tests for Series

Sayel A. Al

The famous ratio test of d’ Alembert for convergence of series depends on the limit of
the simple ratio ”2—:1 (J. d’Alembert, 1717-1783). If the limit is 1, the test fails. Most
notable is its failure in situations where it is expected to succeed. For example, it often
fails on series with terms containing factorials or finite products. Such terms appear in
Taylor series of many functions.

The frequent failure of the ratio test motivated many mathematicians to analyze the
ratio a:: when its limit is 1. Of course, if the limit of a"j' is 1, then az:‘ =1+ b, for
some sequence b, that converges to 0. A close look at b, leads to several sharper tests
than the ratio test, such as Kummer’s, Raabe’s, and Gauss’s tests.

For example, the test which is due to J. L. Raabe (1801-1859) covers some se-
ries with factorial terms where the ratio test fails. Some series which are not covered
by Raabe’s test can be tested with the sharper test of C. F. Gauss (1777-1855). In
fact, Gauss’s test was devised to test the hypergeometric series with unit argument
F(a, B;y; 1); here
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In this paper we will give new ratio tests for convergence of series together with
several examples of series where these new ratio tests succeed but the ordinary ratio
test fails. We will prove that convergence by the ratio test implies convergence by these
new tests.

Our main convergence test, the second ratio test, is stated in Theorem 1. The test
depends on the two ratios ‘%ﬂ" and aza"—:‘ The simple nature of these ratios makes this
test a simple convergence test.

The examples given in this paper will show that this test applies to a wide range of
series, including series that appear to require Raabe’s or Gauss’s test. Covering cases
that require delicate tests like Raabe’s or Gauss’s test is one of the strengths of this
test. A second strength is its success, with few calculations, in testing series given in a
typical calculus book or an advanced calculus book.

To further show the wide range of applications of these new convergence tests,
we will use the second ratio test to give a new proof of Raabe’s test. Then, we will
conclude this paper with a new ratio comparison test that uses these new ratios.

For convenience, we list the tests of Kummer, Raabe, and Gauss [2].

Theorem (Kummer’s Test). Ifa, > 0,d, >0, Y .-, d, diverges, and

1 a, 1
lim (— -2 ) =,
=00 dn ay dn-H

then Y ", a, converges if h > 0 and diverges if h < 0.
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Theorem (Raabe’s Test). Ifa, > 0, ¢, — 0, and

where B is independent of n, then'y - | a, converges if B > 1 and diverges if < 1.

Theorem (Gauss’s Test). If a, > 0, 6, is bounded, and “ =1 — £ 4 s 5 >,
where f is independent of n, then Z:O:1 a, converges if B > 1 and diverges if B < 1.

Our main result, the second ratio test, is given in the following Theorem.

Theorem 1 (The Second Ratio Test). Let Y~ a, be a positive-term series. Let

. (25 . A2p+1
L = max {lim sup —, lim sup

n— 00 an n—oo an

and

. . . (257 . Ayp+1
[ = min { liminf —, lim inf .
n—oo0 a, n—00 a,

i) IfL < %, then Y | a, converges.
(ii) Ifl > %, then Y2 diverges.
Gi) Ifl < % < L, then the test is inconclusive.

Proof.

(i) Suppose L < % Letr besuchthat L <r < % Then there is an integer N such
that

Aoy
— <r and

Ay an

Aop41
n+ E

for alln > N. Now,

Zdn = (ay +ans1 + -+ awy_1) + (aon + aong1 + -+ asn-1)
n=N

+ (asy +aun1 + - +agy-1) +- -
+ (axky + Gxeyiy + -+ agriy ) + -

oo
= E (agy + Grky gy + - -+ agrriy ).
k=0

Let Sk =a2kN +a2kN+1 + e +a2k+1N_l fork = O, 1, 2, 3, e Then, fOl‘k 2 1,
Sk = (agky + agkyyy) + (Qokyio + Gokyyz) + -0+ Aokt y_y + Gorriy_y).

June—July 2008] THE mTH RATIO TEST 515



Since ¢ < r and 22t < p,
an an

Sk = (agky + akyiy) + ok yyn + okyyz) + -+ (Aoktiy g + Aorviy_y)
S z(azkle)r + 2(02]{*1]\]4’_1)7‘ + s + Z(asz_l)r

= 2r(a2k71N + Aok—1 N 41 + -+ Clsz,I) = 2rSk_1.
So, by induction on k we can show that
Sp < 27K ay +ays + - +av—1) = 2548,

for k > 1. Thus,

ian = isk < iSo(Zr)k < 00
n=N k=0 k=0

since r < % Therefore, Y o> a, converges if L < %
(i1) Suppose [ > % Let r be such that % < r < [. Then there is an integer N such
that

Ao Aop41
— >r and

a an

>r

for alln > N. Thus, a,, > ra, and ay,,, > ra, foralln > N. Let §; be as above. It
can be shown by induction that S; > Sy(2r)* for k > 1. Therefore, since r > %, we
have

ian = isk = iSO(Zr)k = oQ.
n=N k=0 k=0

Thus, Y a, diverges if [ > 1.

n=00

(iii) The series Y .- a, where a, = m converges if p > 1 and diverges if p <
1. But
. Qo . n(lnn)? 1
lim — = lim —— = —.
n—oo @,  n—oo2n[ln2n)l? 2
This completes the proof. u

In many examples lim,,_, % and lim,,_, o ‘% exist, and in this case the second
n n

ratio test takes a simpler form. Using the notation of Theorem 1, if L; = lim,,_, o, ’Zﬂ

. a
and L, = lim,_, « za"n“ , then

. Aaop .. o . 50
limsup — = liminf — = L, limsup
n—o00 an n—0o0 an n—00 an n—oo an

Thus, we have the following corollary.

Corollary 1. Let Y a, be a positive-term series. Suppose

A2p+1

. [253% .
lim — and lim
n—oo d, n—oo  a,
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exist. Let Ly = lim, o 2, Ly = lim, o 2, L = max{Ly, L,}, and | =
min{L, L,}.

) IfL < %, then Z;’;, a, converges.
(i) Ifl > %, then' " a, diverges.

Gi) Ifl < % < L, then the test is inconclusive.

In Corollary 1, if we further assume that {a,} is a decreasing sequence, then L =
lim,_ o0 ‘%: and [ = lim,,_, o, 2+, and therefore we have the following corollary.

Corollary 2. If {a,} is a positive decreasing sequence, then Y .- a, converges if
i bl 1 i i1 a2n41 1
lim, o 2* < 5 and diverges iflim, o == > 7.

We would like to point out that Corollary 2 is related to Cauchy’s Theorem from
which it can be proved.

Theorem (Cauchy). If{a,} is decreasing and lim,,_, ., a,, = 0, then both Z:O:O a, and
Y ieo 2"am converge or both diverge.

To see that Corollary 2 follows from Cauchy’s Theorem, notice that

. oy .4y
[ =1lim —/— < lim — = L.

n—oo  a, n—o0o d,

G IfL < % then, using the ordinary ratio test on Z/fio 2"a,n, we obtain

2n+la a
. on+l . 2(2")
lim =2 lim

n—oo 2”612:; n—00  (on

=2L < 1.

Therefore, Y >, 2"a converges. Thus, Y -, a, converges.
(i) If/ > 1, then

2n+1

Aon+1 ason)

lim =2 lim
n— 00 2”(12,, n—00  (don

>20 > 1.

Therefore, Y > 2"a diverges. Thus, Y - a, diverges.

Cauchy’s Theorem requires that the sequence {a,} be a decreasing sequence. This
is a strong assumption on the sequence. It leads, as you can see from the above proof,
to a stronger version of Corollary 2 namely: if {a,} is a decreasing sequence, then
> > | a, converges if lim,_, ‘Lﬂ and diverges if lim,_, ‘%: > 1.

Now we turn to the issue of the strength of these tests. To understand the strength
of these tests and their connection to the ordinary ratio test, we need to look at the two
relations

anp _ an+l an+2 Aoy
dy ay Apy Ap—1
and
e L ) Ao+l
ay dy Apy1 Ao
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From these relations it is easy to see that convergence by the ordinary ratio test implies
lim,_, o “aﬂ = lim,_, o, 2L = 0, and therefore implies convergence by the second ra-

AQn41 00
- ’

tio tests. Also, divergence by the ratio test implies lim,,_, o % = lim,_, o
and therefore implies divergence by the second ratio test.

To make a clear distinction between these new tests and the ordinary ratio test, we
give several examples of series on which the ordinary ratio test fails, but the second
ratio test succeeds. For convenience, we list below two limit formulas that are used

several times in the calculations of these examples:

tn (X n—a
lim|: + ] = ¢!

n— 00 m

and

n—o0o

lim |:tn—|—,3:| . =Pt
tn+y

They can be obtained directly or from the well-known limit formula

on
lim [1 + —] s
n

n—o00

Example 1 (The p-series). Let a, = —. Then 22 = 5 and “: = (2+ll - There-

<%ifp>1and2ip>%ifp<1,
L
npP

L
2p

this proves the well-known fact that the series Y -,
verges if p < 1.

. a
fore, lim,,_, o, 2L

=lim,_ o & = zip Since

dn

converges if p > 1 and di-

Example 2. Leta, = % Then

a, a, 2'm+2)(n+3)---Cn)2n+1) 2"m+2)(n+3)---(2n)
_l<2n—|—3><2n+5) <4n—l>
“2\2n+4)\2n+6) "\ an

1<4n—1>”‘ 1( 1)”1
<= =—(1—-—) .
2 4n 2 4n

Aot - a,  (2n+1D@n+3)---(@4n—-1  (2n+3)2n+35)---(4n—1)

. . 1yl
Since lim,,_, o, (1 — E) = v
. ay . ay, 1 1
hmsupL+1 < limsup —= < — < -
n— 00 a, n—oo dp 2\/5 2
. o 135.-2n—1)
Therefore, the series )~ == nr converges.
_ (n—1)!
Example 3. Let x > 0 and let a, = qr5a5ar9 o0 Lhen
Gt _ @ _ M+ 1D +2)---@n—1)

a, a, M+14+x)0+2+x)--Cn—1+x)2n+x)
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_n n+1 n+2 2n — 1
T n4+x\n+1+x n+2+x 2n—14+x

n 2n —1 "_1_ n | X =l
2n+x \2n—1+x C 2n+x 2n—1+x '

IA

It is easy to see that

n X -l 1
lim 1— = —e "2
n—o00 21 + x 2n — 14+ x 2

Thus,
. a . a 1 1
lim sup 2 im supﬂ < - < =,
n— 00 n n—oo Ay 2 2
Therefore, the series
- (n— 1!

“(1+x)24+x)B+x) - (n+x)

n

converges for x > 0.

_ 1.2P.3P...(n—1)P
Example 4. Letx > O and let a, = qr5@ 6 o -mris - Lhen

A1 _ G _ (n”)(n+1D)P(n+2)P---2n — 1?
a, — ap  (n+ D7 +x)((n+2)P +x) - ((2n — 1P 4+ x)((2n)? + x)
n?
< -
— 2n)P +x
Therefore,
. Aony1 ) ayy, 1 1
lim sup <limsuyp— < — < = forp > 1.
n—00 ay n—oo dp 20 2
Also, it is easy to see that
A1 _ Gon _ (") (n+1DP(n+2)P---2n — 1?

ap ~ ay (1P + ) (427 +x) - (2n = 1P 4+ x)(20)7 + x)

I’lp x n—1
<|— l- .
_<(2n)P+x>( (2n—1)ﬂ+x)

Thus, if p < 1 then

p n—1
limsupaZ"—Jrl §limsupaﬂ§ lim T 1—; =0
n— oo a, n—oo Qn n—00 (zn)P +x (271 - l)p +x
oo 1.2P.3P...(n—1)P

Therefore, if x > 0, the series )~ T oo converges forall p < 1 or
p > 1. From this example and Example 3 the series converges for all x > 0 and all p.
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Examples 3 and 4 are both special cases of problem E3416, which appeared in the
MONTHLY problems and solutions section [3].

Example 5. Leta, = [L@”_”]p Then

2" n!

D1 don [(211 +1)(Q2n+3)2n+5) - (4n — 1)}"
o 21(n 4+ 1)(n+2)---(2n)

:[(1_2n1+1)(1_2n1+4>"'(1_$>r'

Now, since ] —x <e“for0<x < 1,

an an

Qi1 _ G _ e—p(ﬁ+T‘+4+-~+ﬁ)‘
an an
But
1 N 1 n n 1 1 2n + 1
ce — > In s
n+l1 n+2 2n n+1
SO
a a 2 o[ 2n+1 2n+1 —p/2
il _ G <€—71n[m] _ '
a, a, — n—+1
Thus,

. . 2n+ 17777 1
lim sup B2nt1 < limsupai < lim + =27 <
n—00 ay n—oo Qp n—oo| n—+41 2

1-3-5--2n—1)
21 n!

if p > 2. Therefore, the series Y -, [ ]p converges if p > 2. If p < 2, this

series diverges since a, > ﬁ.
Example 5 often appears in calculus books as an exercise on Gauss’s test. (For
example, see [1, Exercise 18, p. 403].)

Example 6 (Hypergeometric series). Let «, 8, and y be positive numbers. Let

al@+D@+2)---(a+n—-DBB+DB+2)---(B+n—1)
nly(y+ Dy +2)---(y+n—1) '

n =

Then
ay _(@+me+n+D---(@+2n—DB+mB+n+1)---(B+2n—-1)
a, n+Dn+2)--- )y +n)y+n+1)---(y+2n—-1)
B (a+n)(,3+n).|:(a+n+1)(,3+n+1) atn+2)(B+n+1)
o 2n(y +n) m+D)(y+n+1 n+2)(y+n+1

(a+2n—1)(ﬂ+2n—l)i|
T @n=Dy+2n-1

(a+x)(B+x)

Each of the rational expressions inside the brackets is of the form = o)
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Let f(x) = (‘ﬁ;—f”)) Then

@+ 0B+0) @+ —y)x+ap
o ox(y+x) x(y + x)

f(x)

So,if « + B < y, then there is some N > 0 such that f(x) is increasing for all x > N.
Therefore, if « + 8 < y, then

@y _ (e +n)(B+n) [(a+2n— (B +2n — 1)]"‘2
a, ~  2n(y +n) @2n—D(y +2n—1)

for all n > N. Similarly

ani1 _ (@+n)(B+n) [m +2m)(B + zn)]”“
a, T @D+ [ @ +2n)

for all n > N. From this it is easy to show that

. ary, 1 a+p—y
limsup — < e 7 <

and similarly

amy1 1
<

lim sup
n—0oo ail 2’

if o + B < y. Thus, for positive numbers «, B, and y, the hypergeometric series

ia(a+l)(a+2)---(a+n—l)ﬂ(ﬂ+1)(ﬁ+2)-~(ﬂ+n—1)
— Wy A DG +2) - +n—1)

converges if @ + 8 < y.
If()t—|—,32y,then(O‘XJT“;%";“):1—}—(O‘Jr)’?(;#ﬁ;‘)“"3 > 1 for all x > 0. From this, one
can show that
al@+D@+2)---(a+n—-DBB+DB+2)---(B+n—1) - af
nly(y+ Dy +2)---(y+n—-1) yn

for all n. Therefore, the series diverges if @ + 8 > y.

In applying the second ratio test, a minor detail like reindexing the series can affect
the limits that occur in the test. This might not be expected by someone who is accus-
tomed to only the basic standard tests, such as the ratio test. To see this, consider the
series:

1 1 1 1 1 1 1 1 1 1
it tatatatoamtmt tatmtmt
1 1 1 1

If this series is indexed so that the first term is term number 1, then the second ratio test
is inconclusive. But if the terms are numbered starting with 2, then the second ratio
test determines that the series converges.
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Next, we state the mth Ratio Test in Theorem 2 and we state Corollary 3 as one of
its corollaries. The mth ratio test is a generalization of the second ratio test. The proofs
of Theorem 2 and Corollary 3 are similar to the proofs of Theorem 1 and Corollary 2.

Theorem 2 (The mth Ratio Test). Let {a,} be a positive sequence and let m > 1 be

a fixed positive integer. Let L} = limsup,,_, . “a";”, L, = limsup,_, o, a’”ﬂ’%‘, ..., and
L, = limsup,_, ., “’””a*—n’”*‘ Let I, = liminf, o %2, I, = liminf, .o ”";Ln“ ..., and
L, = liminf,_ ~ 'l’”";—n’"“ Let L =max{L,,L,,...,Ly,}and! =min{l, L, ..., 1,}.

() If L < =, then y_," | a, converges.
(i) Ifl > % then Y, a, diverges.

i) Ifl < % < L, then the test is inconclusive.

Corollary 3. Let m be a fixed positive integer. If {a,} is a positive decreasing se-
quence, then "~ | a, converges if lim,_, , < % and diverges if lim,,_, a’”";—”"l >
= n n

1
s

Now we use Theorem 1 to give a new proof for the first half (the convergence half)
of Raabe’s test. This is the nontrivial half of the proof. The second half (the divergence
half) is relatively simple because the assumption in Raabe’s Test on a, implies that
a, > % for large n and some constant M, so we will skip the divergence part of the
proof.

Theorem (Raabe’s Test). If a, > 0, €, — 0, and ”’;—r‘ =1- g + <, where B is in-

dependent of n, then'y - a, converges if B > 1 and diverges if B < 1.

Proof. Suppose a;“—f‘ =1- g + <2, where a, > 0 and €, — 0. Assume 1 < g, and
choose « such that 1 < o < 8. Then there is some N such that

Ap1

a, n

forn > N. Then
o dpt+1  Qpy2 Aoy o (o4
ay Ay Apy1 Apg n 2n —1
forn > N.Sincel —x <e*for0<x < 1,

(1-2) (1) (1= ) el
n n+1 2n—1) —

andsince | + .55 + -+ 55 > cxln(%”) = « In2, we have

(1-2)- (1= =) (1= =2 ceem2_ L
n n+1 2n —1 2a

Similarly,

a2n+ 1 _ an+ 1 an+2 a2n+l

ay ay Apy o
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< e_<%+ﬂa?+" +%)
< e—(xln 2",;"1 < e—(xln2 _ i
2u’
Thus
n 1 1 " 1 1
lim sup ol <— <= and limsup— < — < =
n—00 a, 2« 2 nosoo  Qy o 2
Therefore, by Theorem 1, ) '~ | a, converges. This completes the proof. n

Our final result is the second ratio comparison test. This test uses the ratios appear-
ing in the second ratio test.

As we know, the proof of the ordinary ratio comparison test depends on the direct
comparison test. This is also the case with the second ratio comparison test, as we will
see in the proof of Theorem 3 below.

We would like to point out that the ratio comparison test is rarely used in computa-
tions, but it has very important theoretical uses. We expect this to be the case with the
second ratio comparison test as well.

Theorem 3 (Ratio Comparison Test). Suppose {a,} and {b,} are positive sequences.
If 2 < bz” and 2 < 172;_:1 for large n, then )" " a, converges if Y .- b, con-

verges ana’ h e b,Z dzverges ify o, ay diverges.

Proof. Let N be such that

n bn n bn
aiii and Gan+1 < 2ntl forn > N. (D
al’l n an n
Let M = max{ZNi’”:m=0,1,...,N—1}.Thenwehave
M forN<n<2N-—1. )

Now, we show that (1) and (2) together imply

Z—n<M forn > N. 3)

n

If (3) is not true, let m be the least integer for which Z—Z > M. Now write m as 2j or
2j 4+ 1, depending on whether m is even or odd, and apply (1) to get a smaller integer
than m for which (3) is not true. This is a contradiction.

Now, from (3) and the ordinary comparison test, the conclusion of the theorem
follows. This completes the proof. ]
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A Simpler Proof of a Well-Known Fact

Inspired by Xinyun Zhu’s “Simple Proof of a Well-Known Fact” on page 416 of
the May 2007 MONTHLY, we give an even simpler proof:

Theorem. For a positive integer N that is not a perfect square, ~/ N is irrational.

Proof. Suppose that /N = a/b where a and b are positive integers with no
common factors. Then

If two fractions are equal, with the first in lowest terms, then the numerator and
denominator of the second must be a common integer multiple (say c¢) of the
numerator and denominator of the first. Therefore, a = bc, so that a/b = ¢, and
hence /N is an integer, so N is a perfect square. |

—Submitted by Geoffrey C. Berresford, Department of Mathematics,
Long Island University, Brookville, NY 11548
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