Math 261
Exam 4 - Practice Problems
Solutions

1. Suppose you throw a ball vertically upward. If you release the ball 7 feet above the ground at an
initial speed of 48 feet per second, how high will the ball travel? (Assume gravity is —32ft/sec?)

We know that a(t) = —32, v(0) = 48, and s(0) = 7.
Antidifferentiating, v(t) = —32t 4+ C, so v(0) = 48 = —32(0) + C, so C' = 48, and v(t) = —32¢ + 48.
Antidifferentiating again, s(t) = —16t* 4+ 48t + D, so s(0) =7 = D, and s(t) = —16t> + 48t + 7.
The max height ocurs when v(¢) = 0, that is, when —32t 4+ 48 = 0, or 32t = 48, so when t = g—g = %
[Notice s”(t) = a(t) < 0, so we know it is a maximum|]
Thus, the max height is: s(2) = —16 (2)* + 48 (2) + 7 = 43, or 43 feet.

2. Use Newton’s Method to approximate a real root of the function f(z) = 23 — 522 4+ 27 to 5 decimal
places.
Notice that f(0) =27, and f(—2) = —8 — 20 + 27 = 1, so there is a root between —2 and 0.
Also, f'(z) = 32> — 10z

Using Newton’s method, recall that x,.1 = =, — f((x )), so if we take xo = —1:
ry = —1 — =52 9 615384615

7y & —2.615384615 — L4 ~ —2.0778105

73 & —2.0778105 — £22 ~ —1.9723552

4~ —1.9723552 — L2 ~ —1.9684133

v5 & —1.9723552 — L2 ~ —1.9684079

76 ~ —1.9684979 — ( ~ —1.9684079
Therefore, the root is at r~ —1.96841

vv

3. Use Newton’s Method to approximate /10 to 5 decimal places.
Notice that v/10 is a root of the polynomial function f(z) = z* — 10.
Also, f'(z) = 2x

Using Newton’s method, recall that =, =z, — J{((x )), so if we take xzg = 3:
xy =3 — 3 ~ 3.16666667
Ty A 21) ~ 3.16228070

1)
~ 3.16228070 — f (‘”’”2> ~ 3.16227766

Fra) ™
x4 ~ 3.16227766 — f((z?’)) ~ 3.16227766

Therefore, the root is at = ~ 3.16227766




4. Find each of the following indefinite integrals:
3 1
2 — Tz 43
(a) / v o3,
€2

1
:/a:—7+393_§d:v: §x2—7x+6$% +C
(b) /sinchosxdx

1
Let u = sinz. Then du = cos x dx, and we have /u3 du = 1u4 +C.

Thus the indefinite integral is: }Esin4 x4+ C.
(c) /53(;(:62 +1)%dx

5 5
Let u = 22 + 1. Then du = 2z dx, or %du = dx, so we have /ﬁugdu = §§u9 +C = Eug.

Thus the indefinite integral is: 2 (z? +1)? + C.

(d) / ;1 ~dz |

This is a trickier substituion problem. Let « = x + 1. Then v — 1 = z, and du = dx.

]_ 1 1 2 1
du:/u2 —u 2du = gu% —2u2 +C.

Vu

Thus the indefinite integral is: %(z + 1)2 —2(z+1)z + C.

Thus we have the indefinite integral:

5. Solve the following differential equations under the given initial conditions:

(a) g—g =sinz + 2%y =5 when x =0
Antidifferentiating, y = — cosz + %m3 +C.
Therefore, 5 = —cos(0) + 3(0)* +C, or 5= -1+ 0+ C, so C = 6.
Therefore, y = — cosx + %x3 + 6.

(b) ¢"(x) = 4sin(2z) — cos(x); ¢'(5) = 3;9(5) = 6
Antidifferentiating, ¢'(x) = —2cos(2z) — sinz + C
Therefore, 3 = —2cos(m) —sin§ +C = —2(-1) -1+ C,s03=2—-14C, or C = 2.
Hence ¢'(z) = —2cos(2x) — sinz + 2. But then g(x) = —sin(2z) 4 cosx + 2z + D.
Moreover, 6 = —sin(m) + cosZ +2(2)+ D,or 6 =04+ 0+7+D,s0 D=6—1
Thus g(x) = —sin(2z) + cosx + 2z + 6 — 7.

6. Express the following in summation notation:

6
(a) 245+ 10+17+26+37T=> Kk’ +1
k=1

3 4 1q 10 :L‘kl
2 x x x o
(b) = +I+?+---+1—oo—§:?
k=1



7. Evaluate the following sums:
5
(a) > K(k+1)
k=2

5
=) K+ k= (8+4) + (27 +9) + (64 + 16) + (125 + 25) = 278
k=2

Z Zk2 Zk3+2k2

= (—< )2(2”) - —(20>(6)<41) — 18+ 144=(210)% — 2870 — 9+ 5 = 41,226

8. Express the following sums in terms of n:

a) Y 3k —2k+10

k=1

—32k2—22k+210—3 ”HG)(Q"H) —2(”)(2“) +10n
k=1

=n +3%+§—n —n+10n:n + 2 L

(b) D K*(k—1)

n n 2 2
:ZkS—ZkQ—ZkJS—I—ZkJQ
k=1 k=1 = =

2
= (@040} @D Wponten? _ nisn?in 4 _ ot nd
(—) R B B Y,

o 2 4

9. Consider f(z) = 3z% — 5 in the inteval [3,7]

(a) Find a summation formula that gives an estimate the definite integral of f on [3,7] using n
equal width rectangles and using midpoints to give the height of each rectangle. You do not

have to evaluate the sum or find the exact area.

Notice that Az = % 4 . Since we want to use midpoints for our heights,z, = 3+ kAx —

3 + 4k72'

n n 2
Therefore, A, = ; fla)hr=3" [3 (3 ) 4kn— 2) ) 5] (;)

k=1
(b) Find the norm of the partition P:3 <35<5<6<6.25<7
The norm is the widest gap in the partition: 5 — 3.5 = 1.5

(c¢) Find the approximation of the definite integral of f on [3,7] using the Riemann sum for the

partition P given in part (b).

A S0 o)Az, = f(3.25)(.5) + f(4.25)(1.5) + £(5.5)(1) + £(6.125)(.25) + f(6.625)(.75) =
(26.6875)(.5) + (49.1875)(1.5) + (85.75) (1) + (107.546875)(.25) + (126.671875)(.75) = 294.765625

712 n

4 6

x

4.



-1 3 3
10. Assume f is continuous on [—5, 3], / flx) doe = -1, / f(x) dz =4, and / f(x) dz = 2. Find:
-5 1

) [ s == [ g ar=-
o [ swar= [ o [ s [ a=-rra-2=s
o [ 1w dw:/lf(fv) wt [ @) de= 7 1= 3

/ fa

(e) Find the average value of f on [ 5, —1]

- ==

11. Evaluate the following:

4
1
a 24+ —+2dx
<>/1 e

= Loty o 4 opt = (14t 4248 4 2(4)} - [514 1215+ 2(1)] = 76 — 4.25 = T1.75

1
(b) / 2322 +1)% do
0
Let u = 22% + 1. Then du = 622, or tdu = du.
Notice 2(0)®* +1 =1, and 2(1)> +1 =3
26 13

31 1 1
Then we hawe/1 6u2 du=1—8U3|§:E(3 _1) 18 5

(c) /: sin®(22) cos(2z) dx

6

Let u = sin(2z). Then du = 2 cos(2z)dz or 3du = cos(2z)dx

Notice that sin(2%) = sin § = *2[, while sin7T = 0

4
01 1 V3 9
Then we have /J2§ §u3du = Zu4‘0§ =0— s\ = ~T53

(d) / sinz dr = 0, since sinz is an odd function.

—T

d
e ( / tVi? — 1) dt = 0, since a definite integral gives a constant, and the derivative of a
T \J1

constant is zero.

(f) /13 {% (v =T1) dt] — 3V 1) - (IVIE—1) =3V8

(e)



12. Suppose G(z) :/
2

1

dt
2 +1

(a) Find G'(2) = ' = &

(b) Find G'(2%) = 5 [Note: G'(2?) # £G(2?)]
() Find G"(3)

Notice that diz#“ — _(x;ﬁ)Q_

t
13. Given the following graph of f(x) and the fact that G(z) = / f(t) dt:
-2

14.

(a) Find G(6) = 2.5+ 3.5+ 3(2)(4) — $(4)(2) = 6 [Compute area directly]
(b) Find G'(6) = £(6) = 0
(¢) Find G"(6) = f'(6) = 1 [Compute slope of line segment on graph at x = 6]

4
(a) Use the Trapeziodal Rule with n = 4 to approximate / 22 dx
0

A S0 F(0)42£(1)+2£(2)+2F(3)+f(4)] = L0+2(2:1)+2(2-8)+2(2-27)+2-64] = L[272] = 136
(b) Find the maximum possible error in your approximation from part (a).

Notice that f/(z) = 622 and f”(x) = 12z. This has a maximum of 48 when = = 4 on the interval

[0,4].

Therefore, Error < Mfg;,f)s — 4182(.?23 - 16.

4
(c) Use the Fundamental Theorem of Calculus to find / 22° dr exactly. How far off was your

0
estimate? How does the actual error compare to the maximum possible error?

* 144 14
/2x3dx:—x o= 24" —0=128
0 2 2

The actual error is 136 - 128 = 8, which is half of the maxumum possible error for n = 4.



