Math 262
Exam 2 - Practice Problems

1. Determine whether or not each of the following functions is one-to-one.

(a) f(z)=In(a?)
Notice that f(2) = f(—2) = ln4. Therefore, this function is not one-to-one.

(b) f(z) =2°+22% -2
First notice that f is continuous. Next, f’(z) = 52% + 622, which is always positive. Therefore, f is a continuous
function which is increasing throughout is domain. Thus f(x) is a one-to-one function.

2. Determine whether or not each of the following functions is one-to-one. If it is, find the inverse function.

(a) flz)=2"+4
First notice that f is continuous. Next, f/(x) = 322, which is always non-negative. Therefore, f is a continuous
function which is increasing throughout is domain. Thus f(x) is a one-to-one function.

Then, solving y = 2® + 4,y —4 =23, or ¥y — 4 =x. Thus f~!(z) = ¥z — 4.
Check: f(Vr —4)=(Vz—4P +d=a—4+4=zand f1(z®+4)= (23 +4) —4= Va3 ==z
(b) flz)=2"-2

Notice that f(1) = f(—1) = —1. Therefore, f is not a one-to-one function on its full domain.

(©) fr) = o>

3 b+3
Suppose that f(a) = f(b) for some pair of real numbers a, b(# 3). Then 26:; = 2;—7_1
Then (a+3)(20 — 1) = (b+ 3)(2a — 1), so 2ab+ 6b — a — 3 = 2ab + 6a — b — 3.

Therefore, 7b = Ta, or b = a. Hence f(z) is one-to-one.

To find the inverse of f(z), we solve y = 23(: 1 for «.
z —
Then y(2z — 1) =z +3,0or 2zy —y=x+3. Thus 2zy —x =y +3,orz(y—1)=y+3
Hence z = nyt?)l’ so fl(z) = 29;—’;31
3 at3 | 3 (z43)+3(@22—1) 7 op — 1
Check: f( s )= 221 = 2ol = =z
2¢ — 1 2(£+3)_1 2(@z+3)—(2z—1) 2¢ — 1 7
20—1 2z—1
3. (4 points each) Given the following table of values and that g(x) = f~1(x):
f(z) | f'(=z)
0 4 -1
1 2 3
2 1 )
3] -5 7
4 3 -2
Find the following:
(a) g(2)=f7'(2) =1 (b) g(4) = f71(4) =0
1 1 1 1 1
(c) g'(4) = = =-1 (d) ¢'(3) = - —




4. Without solving for the inverse function f~!(z), find the derivative of the inverse function at the given z value:

(a) fz)=a®>+20+1,2=1.
f'(z) = 322 + 2. Also, since f(0) =1, f~1(1)
Therefore, by Corollary 7.8, D, (f~*(1))
(b) flx)=va*+2z+1, =2
f’(l‘) _ %(xs + 2z + 1)—%(3_%.2 + 2) — ﬁﬂ

Vr34+2z+1"
: - J1— —1(9) — _ 5 __5
Also, since f(1) =v4 =2, f~1(2) =1, and f'(1) = i = 1
Therefore, by Corollary 7.8, D, (f71(2)) = f,}l) =$

5. Find the derivative of each of the following functions:

(a) f(z) =In(secx + tanx)

f(z) = ——1—— - (secxtanz + sec® x) =

sec z(tan x+sec x)
— ...~ =SseCcxr
secz+tanx

secz+tanx
3
(b) f(z) =In Bl
First, f(z) = 1 [In(#®) —In(z® + 1)] = 2Inz — L In(2® + 1)

Therefore, f'(z) = £ — 2(%;)

(c) f(z) = (2 — 423 —7)8(1 — 22)7(5x + 10)12
Using logarithmic differentiation, let g(z) = In [(z® — 42 — 7)8(1 — 2%)"(5z + 10)*?]
=8In(x5 — 42® — 7) + 7In(1 — 2?) + 121n(5z + 10).

1192
Then ¢/(z) = 86x120) _ TC0) | 513024(:)1)0'

4 2
Hence f/(z) = f(2)g'(z) = (2 — da® — T)*(1 - 2?)7 (52 + 10)!? [2929) — o) . 00|

(d) f(z) = €37 sec™1(22?)

2 2 22 22 _ 22
f'(z) = 6xe3* sec™!(223) + 3 m?ﬁ = 62e3 sec™(223) + €37 - m/ng
(€) f(a) = hieon(v)

Notice that f(z) = cos(y/x), so f/'(z) = —sin(y/x) - %x,% _ _sinyw
(1) f(z) = 23 logs(Ta?)

f'(x) = 37" logs(7a?) — x1n(3)37" logs(7a?) + 237" (rmy oy

6. Find all extrema and inflection points of the function f(z) = z%e™*

f(z) =2re™® —22e™% = we~*(2 — ), so f(z) has critical numbers z = 0 and z = 2.
f(x) = 27" — 2ze™® — 2we™" + 22%e7% = 2e7% — dxe " + 2%e ",
If f'(z) =2e™® — 4ze™® + 2%e™% = 0, then 2 — 4z + 2% = 0.

444/16—4(1)(2)

Applying the quadratic formula, this has solutions: x = 5

=2+ sqrt2

Therefore, f has extrema at (0,0) and (2, %) and inflection points at (2 + /2, 6+4‘/§) and (2 — /2, 6_4g)

e2+V2 e2—

7. Find an equation to the tangent line to the graph of ye?® + zIn|y| = 1+ tan=*(z) at the point (0,1).

1

Differentiating implicitly, y'e?* + y(2¢?*) +1In|y| + z - % Y = 1

Substituting z = 0 and y = 1, y/(®) + 1(2¢°) + In(1) + (0) = 7, or y/ +2=1. Thus y’ = —1.

Then, by the point/slope formula: y — 1 = —1(x — 0), or y = —x + 1 is the equation of the tangent line to the point

(0,1).



8. Find the area of the region bounded by the graphs of y = ze®, x =0, x = 2, and y = 0.

2 2
—/ e’ dx
o 0
u=x dv = e* dx

2
A:/ re® dr = xe”
0

du = dx v=¢e"

2 2
= (22 -0)— (2 —1) =2 + 1.
0

= xe

0

9. Suppose that the population of a bacterial colony initially has 400 cells. After an hour, the population has increased
to 800 cells. Find an equation for the population at any time. Then determine the population of the colony after 10
hours.

First recall that f(x) = Ae*® is the general formula for exponential population growth. Next, f(0) = Ae® = A = 400.
Also, f(1) = 400e* = 800, so 2 = €*, and so k = In 2.
Therefore, there are f(10) = 400e'°™(2) = 409, 600 bacterial cells in the colony after 10 hours.
Or you could just notice that since the population doubles every hour, the population after 10 hour is 20 times the
original population.

10. Scientists trying to date the age of a fossil estimate that it contains 20% of the carbon-14 originally present. Given
that the half-life of carbon-14 is 5730 years, approximately how old is the fossil?
First recall that f(x) = Ae* is the general formula for exponential decay.
Also, since the half-life of Carbon-14 is 5730 years, €™ = 1 so0 .5 = ™% and so k = 422
Therefore, to find the age of the fossil, we note that .24 = Ae* or .2 = et.

Thus In.2 = kt, or In.2 = 122+ Hence ¢ = 3730102 ~ 13 305 years.

11. According to Newton’s Law of Cooling, the temperature of an object placed in a room with ambient temperature Ty,
satisfies the differential equation y'(t) = k[y(¢t) — Ty].

(a) Use separation of variables to find a general solution to this differential equation.

Let y(t) =T and y/(t) = 9T. Then this differential equation can be written: 4L = k(T —T,,).

1
Then, separating the variables, / dTl' = / k dt.
T-1T,

That is, In|T — T,| = kt + C, or T — T, = £eF+C = £kt . €,
If we let A =4, then y(t) = T = Ae** + T, is the general solution to this differential equation.
(b) Suppose a bowl of porridge initially at 200°F (too hot) is placed in a 70°F room. One minute later, the porridge
has cooled down to 180°F. How long will it take for the porridge to cool down to 120°F (just right)?
Here, T'(0) = 200°F, and T, = 70°F. Then y(0) = 200 = Ae" + 70, so A = 130.
Next, y(1) = 130e* + 70 = 180, so 130e* = 110, so e¥ = 110 so k =In 11.
Therefore, 120 = 130" 15 4 70, s0 £ = e 157,

5
Inys

S5 _pil. - ; )
Hence In %5 =In{5 -t,s0t = Wi & 5.72 minutes.

12. Compute each of the following ezxactly.

(a) arctan(—1) = =%

(b) arcsin(—%2) = -1
V2 _ 37

(c) arccos —¥2 = 3%



13. Simplify each of the following expressions:

(a) tan(cos™! (%))

/8 [
3

Using the Pythagorean Theorem, 52 = 32 + 2, or 25 — 9 = y2. Therefore, y? = 16 or y = 2.

Hence tan(cos™*(2)) = 3.

(b) cot(sin™!(3x))

3X

/8 []

a
Similarly, (3x)% + a? =1, or a®> = 1 — 922. Hence a = v/1 — 922.

Therefore, cot(sin™!(3z)) = &= \/I;CW'

14. Find all solutions to the equation 10 cos? x — cosx = 3 on the interval [0, 27)
Notice that this equation has quadratic form. Therefore,, if we substitute « = cos, we have 10u? — u = 3.
Rearranging this, 10u? —u — 3 = 0, or, factoring, (2u + 1)(5u — 3) = 0. This either 2u +1=0or 5u —3 =0
2 4

Then either cosx = —%, in which case r = 5 or 7,

or CosT = %, in which case, z ~ .9273 or x ~ 27 — .9273 ~ 5.3559

15. Evaluate the following integrals:

R
(2) / Tram ™
2

1
Let u = 23. Then du = 322 dz, and S dr = | —— du = arctanu + C = arctan(z%) + C
1+ 6 1+ u?

4z
b —d
0) [ e da
4z 1
— 2 — — — . — . 2
Letu-x.Thendu—Zxdxand/Wdx—?/mdu—2arc51n(u)+C—2arc51n(x)+C

2 4
(© /\/5 zvVr? -1 da

= 4[sec?(z) — sec™!(v/2)] = 4[cos(3) — cos_1(§)] =45-0)=4({5) =%
V2

(d) /34 oz — 3 da

= 4sec™(z)

4 1
Let w =z — 3. Then du = dz, and u + 3 = . Therefore, / Ve —3dr = / (u+ 3)u% du
3 0

by . 2 s 2 s
:/ u? +3u? du = -u? + (3)zu?
A 5 3




(e) / w?Inz d
1
Let u =Inz and dv = 22 dx

Then du = %dz and v = %x?’

1 e
—g/ 22 dx
1 1

e
1
Thus, using integration by parts: / z?Inz de = §x3 Inz
1

€

_ 1.3 13 13
=z2’lnz — 52°| =[3e

() /1326731; dz
Let u = 22 and dv = e 3% dx
Then du = 2xdx and v = —%e‘w

1 2
Thus, using integration by parts: /x26_3” dr = —gﬂch—Sx + 3 /xe_‘g”’ dx.

Now let u =z and dv = e 3% dz
Then du = 2z dx and v = —%6_3:”

[SSR )

{—;xe_?"” —|—/e_3’” dm}

1 .
Thus, using integration by parts: /3626_3’c dx = —§x26_31 +
1 2 —3x 2 -3z 2

=—gTe T —gze —2—76_39”4—0.
(g) /651 sinx dx
Let u = €@ and dv = sinz dz

Then du = 5¢°* dx and v = —cos z

Thus, using integration by parts: /653’ sinz dr = —cosze®® + 5 / €% cos x du.

Let u = €@ and dv = cosz dx
Then du = 5¢°* dx and v = sinx

Thus, using integration by parts: /659” sinz dr = —cosze®® + 5 |:SiIl e’ — 5 / e sin x da:]

= — cos ze®® + 5sin xe®® — 25 / e sinz dz.

Therefore, 26 / e sinx dr = — cos ze®® + 5sin ze”.
Hence /EBI sinz dx = _1 cos e’ + 5 sin ze®”
26 26 ’

(h) /$36x2 dz
Let w = z2. Then dw = 2z dzx, or %dw =dzr

1
So /ac?’e’”2 dr = g/wew dw.

Next, let © = w and dv = e" dw
Then du = dw and v = e%

1 1
Therefore, /l‘3€$2 dr = E/we“’ dw = 3 [we“’ — /ew dw}

1
Thus /35367”2 dr =5 [we" — €]+ C.



(i) /cos_lx dx

Let u = cos™!

z and dv = dx

Then du = —ﬁdaj andv==x

T
Thus, using integration by parts: /cosf1 zdr=xzcos ta+ / —dx
Now, let w = 1 — 22. Then dw = —2z dx, so —%dw = xdx.
1 1
Therefore, /cos_1 zdr=xcos te—= / — dw
2] Vw

1 1
=zcos la— 5/10*% dw = xcos ' a — 5[210%] +C

=zcos 'z —V1-224C
() /Sin3:ccos3x dx

Recall that cos?x = 1—sin® x. Therefore, /sin3 rcos®x dr = /sin3 z(1 —sin®z) cosx = /(Sin3 x —sin® z) cos x dz.

Let u =sinz. Then du = cosz dz, and /(sin3 x —sin® x) cosx dr = u® — u® du.
1 1 1 1
= Zu‘l—éuﬁ—i—C: Zsin4x— ésinc’m—&—C

(k) / sin? x cos® x dx

Using the half angle reduction formulas: sin®z = 1 — % cos(2z) and cos® z = § + 1 cos(2z),

1 1 1 1 1 1 1 1/1 1
in2 2 — - — — — — — - — 2 — - — — —
/Sln xcos®x dx = / (2 5 COS(QCB)) (2 + 5 COS(2$)> dx /4 7 €08 (2x) dx /4 5 (2 + 3 COS(4:E)> d

1 1 1 1 1 1 1
:/ffgfgcos(élx) da::/gfgcos(éla:) dngfo—QSin(élz)JrC

) /tan3 rsec® r dx

Recall the Pythagorean identity; tan? z + 1 = sec? z or tan? z = sec? z — 1

Then /tan3 zsecd z do = / tan z tan® x sec? zsecx dx = / tan z tan? x sec? z sec x tan x dx

= / (sec2 T — 1) sec? zsecx tanz dx.
Let u = secx. Then du = sec z tan z dz, and we have:
2 2 4 2 15 14
(u fl)u du= [ u*—u du:gu fgu +C

1
=—sec’r— =—sec®z+ C

5 3

(m) /tan6x dz

2

We will once again use the identity tan? 2 = sec? z — 1.

Then /tan6x dx :/(seCQxf 1) (seCQxf 1) (seCQxf 1) dx
:/(sec4x—2sec2x+1) (sec2x—1) dx:/sec6x—3sec4x+35ec2x—1, dx

:/seCQx-se02x~sec2x dm—3/se02xsec2x dm+3/sech—1dx



= / (tan2x+1) . (tan2x+ 1) -sec? dm—3/ (tan2x+1) -sec? x dw—l—/?)secQac— 1dz
Let u = tanz. Then du = sec? z dz and we have:

:/(u2+1)(u2+1) du—3/u2+1du+/35e02x—lda:

::/u4+2u2+1du+/—3u2—3du+/3sec2x—1dx

1 2 1 1
:5u5+§u3—|—u—u3—3u—|—3tanx—m+0=5u5—§u3—2u+3tanaj—x+0

= ltan®z — Jtan®z — 2tanz + 3tanz — 2+ C = L tan® 2 — Ltan® v + tanz — 2 + C

(n) / (tanx 4 cot z)? da

Multiplying out, / (tan z + cot :c)2 dx = /tan2 x4+ 2tanx cot x + cot? z dx = tan’® x + 2 + cot’ z dx

2 2

Using the identities: tan? x = sec? x — 1 and cot? z = csc? x — 1, we have:

:/sec2x—1+2+csc2x—ldx:/seczx+csc2x dx

=tanz —cotx + C



16. Evaluate the following integrals:

(a)
(b)

1
/ o2 dx = arctan(z) + C

/de
14 22

Let u =14 22. Then du = 2z dx, or %du =xdzx.

1 1 1 1 1
Therefore,/ dm:i/i du:§1n|u|+C:§1n\m2+1|—|—C:iln(x2+1)+0

_r
1422

x2 2?2 +1 1 1
= o de=[1-—— 4
/1+x2 v /1—!—332 1+ 22 * / 1422 v

=z — arctan(z) + C

3
T
1+ 22

Let u =22+ 1. Then du = 2x dx or %du:xdx and v — 1 = z2.

3 2. 1 -1 1 1
Therefore,/xid:v:/udx:f/udu:f/lffdu
1+ 22 1+ 22 2 u 2 u
=lu—Infu] +C =5 — @2+ 1)+ C

4 3

X X
——dr = —d
/1+x2 v /x 1422 v

Note: There are many ways to work this problem, and what follows is not the easiest way, but I am choosing
this method to show you how so solve it using integration by parts. Let me know if you find one of the simpler
methods.

3

Let u =z and dv = 1{5.
Then du = dz, and, from above, v = # —sn(@2?+1) = %2 +4—1ln(z®+1)
3 241 1 2 1 1
Therefore, using integration by parts, /a: : 1—013—7x2 de == (ac 2+ ~3 In(2? + 1)) - / % + 373 In(z? + 1) dx
2 oz zhn(x®+1) 22 2z 1 9
—?+§*f*€f§+§/ln(x +1)d$
1
Now, to integrate 3 /ln(ﬂc2 +1) da:
Let u = In(2% + 1) and dv = dz Then du = xgil and v = x.
1 9 1 222 rln(z? +1) x?
Therefore, 5[:5111(1: +1)] - B / i 5 - / o dz
. . xln(x? +1)
Which, from above, is — 5 + arctan(z) + C

3

4 3 In(z2 + 1 3
Hence / ﬁ dr = % + g — % — % - g + zIn(x? + 1)2—z+arctan(z)+C = %*SU‘F&I‘CtaH(l')“FC



