Math 262
Exam 3
Practice Problem Solutions

1. Evaluate the following integrals:

(a) /sec3a:tan3$ dx
_ 2 2 _ 2 o2
—/tcm xsec” x - secxtanx dx—/(sec x —1)sec®z - secxtanx dx

Let u = secx. Then du = secz tanx dz, and we have /(u2 — Du? du = /u4 —u? du
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This can be done using trig substitution, but here is an easier way:

x? 7+ 9 9
da da d
/z2+9 /x2+9 2y

9 1 T
/1_952—1—9 dx:/ldx—Q/m dx::c—3arctan(§>+0
2

(c) /‘Ti dz
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Let z = 3sin . Then dz = 3 cos 6df, and we have 9517119 -3cosf df = / M do
V9 — 9sin® g 3cosd

= 9/sin2 0 do = 9/% - %COS(20) df = 29 - Zsin(%) +C = g@ - gsin(ﬁ) cos(f) + C
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Let x = 3sec. Then dx = 3secftanf df, and we have S)SLﬂs,ecOtanH dt9:/7se(;7an do
V9sec?6—9 3tan6

:9/56039 d9:9/5609-56029 do
Aside: Let u = sec and dv = sec? #df. Then du = sec§tand df and v = tan 6.
Then /56039 df = secftanf — /tan2 Osecl df = secHtanf — /(se02 6 —1)sect df

:secﬂtanﬁ—/secgﬂ—secﬁ do.
Hence 2/36039 dH:secé)tané)Jr/secHdH:sec@tan9+1n|secé)+tan0|+C
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Therefore /36036‘ do = 3 secftan 6 + 3 In|secd + tan 0| + C’
Thus our original integral is equal to:

= gsecﬁtanﬂJr gln\secﬁ+tan6| +C
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Solving this, we get A = ? and B =

r—4 x+1

/ B +r+2
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Then:/ 8 _ 4 5 dx:€1n|x74|+§ln|x+l|+6'
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Using long division of polynomials, we see that

242x—8 2422 —8
13z — 14 A B

Therefore = — 24+ ——_ — _dr= o4 = 42 4

erefore /x +(x+4)(x72) T / + +4—|— 5 x
where A(x — 2) + B(x +4) = 132 — 14. Solving this, we see A =11 and B = 2.
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where A(x 4+ 3)(x +2) + B(z)(x + 2) + C(z)(x + 3) =32 + 8
Solving this gives A = %, B= —% and C = —1.
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Therefore, we have / 33 _
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where (Az + B)x + C(2? + 1) = x + 2. Solving this gives A = —2, B=1 and C = 2.
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Therefore, we have /L—F Zdx = /7:54_ 4+ 2 dx
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Let 2 + 1 = 3tanf. Then dx = 3sec? #df, and we have:
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Let w =2 4+ 2. Then du = dzx and u — 2 = x. Therefore, we have:




(M

(m)

(n)

_/3(u—2 [,
V16 — u? \/16—u2 V16— 2

2\ 1 . $+2
——3(16—u)2—7arcsm(4)+C——3(12—4x—ac)2—7arcsm 1 +C

3x+5

— dx
V3r +1
Let u = 3x + 1. Then %du =dr and u+4 = 3z + 5, so we have:
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Let u = 3x + 4. Then %du = dr and “?*4 = x, so we have:
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Let = u!2. Then dz = 12u!! and 272 = u. Therefore, we have:

12011 u®
= | —— du=12 d
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Using long division, we obtain: = 12/u7 —uwS -t - u—1+ o du
u
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=12 {8U8_ 7u7+6u6—5u5+4u4—3u3—|—2u2—u—|—ln|u—|—1|} +C
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= lim ( — t§> =3 so this integral converges to %
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= lim <2t§ — 2), which grows without bound, so this integral diverges.
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Let u =4 — z2. Then du = —2x dx or ffdu = dz. So we have:
t

= lim;_,o- (f% f** ui% du) = lim;_,o- <%[2u§]

> =lim;_o- [ —(4—2?)%
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= lim (—(4 — tQ)% + \/1) = 2, so this integral converges to —2.
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= lim;_,p- (fg \/m da:) =lim; o~ | arcsin (%) = lim;_,o- (arcsin(}) — arcsin(0)) = arcsin(1) — arcsin(0)
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= lim;_,o- (fot — dx) = limy_,5- (fot m dx) = lim;_,5- (fg %% + 2 da:), where:
A(2 — 2) + B(2+ z) = 1. Solving this, we obtain A = B = 1, so we then have:
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— 0= 3, so this integral converges to 7.
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Notice that this is triply improper, so we look at:
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Notice that since this first piece diverges, we need not look at the others since we can already conclude that this
integral diverges.

2. Find each limit, (if it exists).

sin(mx)
lim —"
(a) lim —=—
Form: g, so, applying L’Hépital’s Rule:
lim sin(ma) ~ lim 7 cos(mx) _ m(—1) _
z—1 x —1 z—1 1 1
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Form: %, so, applying L’Hopital’s Rule:
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Form: 22, so, applying L’Hopital’s Rule:
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Form: oo-, so, before applying L’Hopital’s Rule, we rewrite this as:

8

|

8
8

8

l 3
8
&M—A

|
M

lim b , which has the form %, so, applying L’Hopital’s Rule:
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Form: %, so, applying L’Hépital’s Rule:



xrsinx . sinz+xcosz
im —=Ilim ——
z—0cosr —1 z—0 —sinx

This still has the form: %, so, applying L’Hopital’s Rule again:

cosx + cosx — xsinx 1+1+40

= lim = =-2
z—0 —CcosT -1
(f) lim (\/ x24+1-— x)

Form: oo — oo. This is a little tricky, since it is not a fractional form. The easiest way to transform this into a
form where we can understand the limit is to rationalize the numerator of this expression:
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Therefore, lim (\/ x24+1-— x) = lim —— =0
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Form: =. Thus lim
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Form: 0%, so we set y = ()7, solny = 2 In (
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Form: 0 - 0o, so we change the form into: , which has the form 22, so applying L'Hopital’s Rule:
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Hence lim [ — =e =1
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(i) lim (cosz)=
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Form: 1°°, so we set y = (cos .I‘)%, so Iny = < In(cos x).

Form: oo - 0, so we change the form into: M which has the form =, so applying L’Hopital’s Rule:
lim In (cosx) _ iy T (—sinx) — lim —sinz 0.
T—00 T T—00 1 z—00 COSX

Hence lim (cos x)% =’ =1
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3. Use a comparison to determine whether the following integrals converge or diverge:
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Since the degree of the denominator exceeds that of the numerator by more than one, we expect that this integral
will converge. To that end, we notice that:
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Hence, / 153 dx converges by comparison.
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Since sinzx is bounded (—1 < sinz < 1), and /x has exponent less than 1, we expect this integral to diverge. To
that end, we notice that:

24 sinx 1
4rsmz > = 272 and so we look at:
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Hence, | ——— dx diverges by comparison.
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We once again have a function where the degree of the denominator only exceeds the degree of the numerator by

%, so we expect that this integral will diverge. To that end, we notice that:
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and so we look at:
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Hence, / E— dx diverges by comparison.
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/ sin® x .
0 1+€1

Since 0 < sin?z < 1 and e grows without bound as & — oo, we expect that this integral converges. To that end,

we notice that:
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sin” x
< — and so we look at:
14 e”
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Hence, / Tppe dx converges by comparison.
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