Series Intro Part 2

Recall:
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e The harmonic series, defined as E — diverges.
n
n=1

e According to Theorem 11.16, If a series Z an is convergent, then lim a, =0
n—oo

Combining these two pieces of information, we have the following result:

The nth Term Test Given the series Z Qp:
(I) If lim a,, # 0, the the series Z ay, is divergent.
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(IT) If lim a,, = 0, further investigation is needed, as the series might converge, and also might diverge.
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Theorem 11.8 If Z an and Z b, are series such that a; = b; for every j > k, where k is a positive integer, then
both series converge or both series diverge.
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Proof: Since a,, = b, for j > k, then Z ay = Z by,
n=k+1 n=k+1

k k
Let Zan = N and an = M.
n=1 n=1
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Then,Zan:N+ Z ananden:M—l— Z by,

n=1 n=k+1 n=1 n=k+1
Hence either both of these converge, or both diverge.
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Theorem 11.19 For any positive integer k, the series Z anp = a1 +as + ... and Z Gp = Q41 + kg2 + ...

n=1 n=k+1
either both converge or both diverge.

Proof: Use the same basic argument as above (think of Z b, where b, =0 for n < k and b,, = a,, for n > k).
Theorem 11.20 If Z a, and Z b, are both convergent series with sums A and B respectively, then:

DY an+bp=A+B

(I1) Z ca, converges and has sum cA for every real number c.

(1) Y “an—b,=A—B

Theorem 11.21: If Z an is a convergent series and Z b, is a divergent series, then Z an + by is divergent.
Proof: Suppose that there was an example of a convergent series Z an and a divergent series Z b, for which
the series Z an + by, was convergent.

Suppose that Z a, = A and Z an + by, = M.

Then, by Theorem 11.20(11I), Z[(an +by) —an] = Z[an +by] — Z an = M — A, so this series converges.
But Z[(an +bp) —ay) = Z by, which diverges by hypothesis.

Since this is clearly preposterous, our assumption that there is an example of a convergent series Zan and a

divergent series Z b,, for which the series Z an + by, was convergent must be false.
This proves the theorem. [This method of proof is called an “indirect proof”, or a “proof by contradiction”]



