Review of Polynomial Functions

The Fundamental Theorem of Algebra: (Gauss - 1799)
A polynomial P,(x) = a,z" + a,_12" ' + -+ + a1z + agwith n > 1 anda; € C has at least one zero in
C whereC is the set of complex numbers.

We will assume that all polynomials have real doeghts. That is, eacty, € R C C.

The Remainder Theorem: If a polynomialP"(x) is divided by — a until a constartmainder R , is
obtained, thel® = P, (a) .

Proof. P,(z) = (z — a)Qun-1(z) + R forallz. ThereforeP,(a) = (a — a)Qu-1(a) + R=R. O
The Factor Theorem: AssumeP,(x) is a polynomial,(p) =0 ift —p is afactor.

Proof. (=) DividingP,(z) byr — p yieldsP,(z) = (z — p)Qn-1(x) + R . SincB,(p) =0 by the
Remainder Theorenk = 0 . Therefo®,(x) = (x — p)Qn-1(x) . Henmcep is afadtd, (x).
(<) If z — pis afactor ofP,(z) , then there is a functiQn_;(z) IstieatP,(z) = (z — p)Qn_1(2).
ThusP,(p) = (p — p)Qn-1(p) =0. O

Corollary: If P(z) = a ™ + a, 12" ' + --- + a;z + ap Wheren > 1 , then there exists unique constants
(possibly complex) and positive integens, ms, ..., my such that
k

Smi=n and P(x)=ay(x — )" (x — x9)" - (x — x1)"™.
i=1

Proof. From the Fundamental Theorem of Algebra and #mdnder Theorem applied i (z)  there is
anz; € C and a polynomid),_;(z) suchth@t(z;) =0 aRdz) = (z—21)Qn-1(x). nHE1>1
we repeat the process @1 (z) and expégss (z) Qnas(x) = (z — 22)Qn—2(x) . Cimigtinu
inductively in this manner, there exist, ..., z,  such that

Po(z) = (z — z1)(z — 22)-(z — 2n) Qo ().
Note Qo (x) is a constant function. In order for the preidon the right, to equdt,(x) , itis necessary that
Qo(z) = a,. Now gather the like factors and relabel, if neegg, we obtain the desired resul.

Theorem: AssumeP and) are polynomials of degree at mostzy., Ivo, ..., 23 with & > n are distinct
numbers withP(z;) = Q(x;) foi =1,2,...,k , the®(x) = Q(z) forall

Proof. LetD(x) = P(x) — Q(x). Then the degree éf(x) is less than or equal #lso,
D(z;) = P(z;) — Q(z;) =0fori =1,2,..., k wherek > n . The only polynomial of degree lesantior
equal ton withk > n zeros is the zero polynoniil:) = 0. HeR¢e) = Q(z). O

Theorem: If P(z) = a 2™ + -+ + a1z + ag andQ(z) = b,a"™ + .-+ + a1 + ap are polynomials of degree
atmostn and i, (z;) = Q,(z;) for distinct numbers, ...,z  whére-n , thes b; for all
1=0,1,2,...,n.

Proof. LetD(z) = P,(z) — Qu(z) = (an — bp)a™ + -+ + (ag — by). NoteD(x;) = P(z;) — Q(z;) =0
foralli =1,...,k andD(z) is a polynomial of degree at most thvi > n zeros. By the previous
theorem, this is not possible unless the degrd® isfless than 1 or is nonexistent. TH&r) = 0.
Therefore, each; — b, =0 .Heneg=10b, forak=0,1,...,n O

Theorem: AssumeP(z) = a,a™ + --- + a1z + a¢ is a polynomial with real coefficienfsa H- bi is a root
of P, thena — bi is also a root @

Corollary: Any odd degree polynomial with real coefficientshat least one real root.



The Rational Root Theorem: If § is a rational root (simplified form) of the [ymomial
P(z) = apx™ + --- + a1z + ap Where eachy; is an integer, then is a divisaryandg is a divisor ofi,, .

Proof. Assumeg is a simplified rational root of the padynial P(z) . Thus
n—1

n
() () ()

q
an(%) + an—1 ({;Z_—j> + -t (§> +ap = 0
anp" + anagp"' + -+ 1" 'p+agg" =0
anpn + anlqpnfl + -t q”ilp = —Goqn-
Note thatp divides the left-hand side and divittesright-hand side. Singe has no factors in commo
with ¢, p dividesa, . Rewriting as
An-1qp" A A a1g" p+ apg” = —anp.
Note thaty divides the left-hand side and divittesright-hand side. Singe has no factors in commo
with p, ¢ dividesa,, .00



