Math 323
Exam 3 - Practice Problem Solutions

1. Let f(z,y) = v/9 — 22 — y2.

(a) Sketch the domain of f in the x,y-plane.
We need 9 — 22 — 9% > 0, or 9 > 22 4+ 32, so the domain is the set off all points on or inside the circle of radius 3

centered at the origin.
y

.
>

(b) Graph contours for z = f(z,y) for z = 0,v/5,and 2v/2.
Contours:

Ifz=0=,/9—22—y2 then 0=9—2? —y? or 22 + 7% = 9.

Ifz:sqrt5:m,then5:9—x2—y270r$2+y2:4-

Ifzzgﬂ:m,then8:97x2—y2,orx2+y2:1.
y
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2. Given the function z = f(z,y) =1+ 22 — y:

(a) Sketch contours for this function for z = 0,1, 2
Ifz=0=1+2%—y, theny =22 +1
Ifz=1=1+22—y, then y = 22
Ifz=2=1+22—y,theny=2%2—-1
The contours are all parabolas.

z=0
y
z=1

z=2

(b) What type of curves are the x-cross sections and the y-cross sections of f?
If x = k, then z = 1 + k2 — y, which is a line of slope —1.
If y = k, then z = 1 + z? — k, which is a parabola.

3. Sketch the domain of the following functions:



(a)

f(z,y) = ?fcy
y—x

Notice that this function is defined except when y = 22, therefore, the domain is the entire plane except for this
parabola.

2

flay) =vVa—a? —y?
For this function to be defined, we need 4 — x2 — y? > 0, or 4 > 2% + 32, Therefore, the domain of this function is
all the points either on or inside the circle or radius 2 centered at the origin.

fr,y,2) =In(l -z —y —2)
For this function to be defined, we need 1 —x —y — 2z > 0, or 1 > x +y+ 2. Therefore, the domain of this function
is all the points on the same side of the plane x + y 4+ z = 1 as the origin.

4. Compute the following limits:

(a)

(b)

()

i r+y 2-1 1
m = — _
() —(2,-1) 22 =22y 22 —4(2)(-1) 8

lim Tty
(zy)—(2,-2) 22 + 2y — T — Y

. T+y . 1 1
= lim _— = lim EEp——
(zy)—=2,-2) (t+y)le—1) @y-2-2z—1 2-1
lim ewﬁ:z =2 =1

(z,y,2)—(1,1,2)

5. Show that the following limits do not exist:

(a)

. 2zy
im
(@y)=(0,0) 22 + 2y?
First, we compute the limit as (x,y) — (0,0) along z = 0:
2
im & = im —=0
(0.9)=(0,0) 02+ 2y%  (04)-(0.0) 2y°
Next, we compute the limit as (z,y) — (0,0) along = = y:
I 222 . 222 2
1m —_— 1m _— = =
(z,2)—=(0,0) 2 + 222 (0,9)—(0,0) 322 3
Since the limits along these paths do not agree, the original limit does not exist.



ysinx
1m
(@,9)—(0,0) 72 + y?
First, we compute the limit as (x,y) — (0,0) along x = 0:
y sin(0) . 0

(b)

im im
0.4)=(0,0 02+ 7% (000 y?
Next, we compute the limit as (z,y) — (0,0) along = = y:

. rsinx . sinzx . cosz 1
(ac,ac]jl—>nl(070) 212 - Tl—r{%) 2x - i% 2 - 5
Note that the last step resulted from applying L’Hopital’s Rule the the resulting single variable limit. Since the
limits along these paths do not agree, the original limit does not exist.

hm 2
(2.9)—(2,0) (z —2)% + 3?2
First, we compute the limit as (x,y) — (0,0) along x = 2:

lim i = lim % =2
29)—=(2,0) 02 +y2  (2,9)—=(0,0) y?
Next, we compute the limit as (x,y) — (0,0) along y = 0:

. 0 . 0
(x,o%lin(o,o) (r—2)2+02 (m,o%lgio,o) (r—2)2 0
Since the limits along these paths do not agree, the original limit does not exist.

lim ___WE
(2,9,2)—(0,0,0) T3 + Y3 + 23
First, we compute the limit as (x,y) — (0,0) along z = 0:
(0)yz . 0
1m — % % — 1 —_— =

(0,5,2)—=(0,0) 03+ 43 + 23 (0,9,2)(0,0) Y3 + 23
Next, we compute the limit as (z,y) — (0,0) along z =y = z:

. z3 1
(a:,oc,;cl)g(o,o) @ B g
Since the limits along these paths do not agree, the original limit does not exist.

6. Determine all points at which the following functions are continuous:

(a) f(z,y) =In(3—2*+y)
This function is continuous whenever 3 — 22 +y > 0. That is, when y > 22 — 3, or, for all points in the plane
above the parabola y = 2 — 3.

(b) f(z,y) = tan(z +y)
This function is continuous except when z +y = § + k. That is, when y # —x + § + kn for some integer k. Thus
f is continuous except on this infinite collection of lines of slope —1.

(c) flz,y,2z) = 4ae¥V™*
This function is continuous everywhere.

7. Let f(z,y) = 2?sin(zy) — 3y3. Find fy, fy, foy and fyzy

[z = 2z sin(zy) + 22y cos(zy).

fy = 2% cos(zy) — 9y°

Jay = 222 cos(zy) + 2% cos(zy) — 23y sin(xy) = 322 cos(zy) — 23y sin(zy)

fyay = foyy = =323 sin(zy) — 23
8. Let f(z,y,z) = 23y? —sin(yz). Find f,, and f,.

fr = 32%Y%, 50 for = 62>

fy = 22%y — zcos(yz), so fy. = — cos(yz) + yzsin(yz)

sin(xy) — zty cos(wy) = —4a3 sin(zy) — 2ty cos(zy)

9. Let f(z,y) = 4 — 22 — y2. Consider the curve C formed by intersecting f with the plane x = 1. Find a parametric
equation for the tangent line £ to C' at the point (1,1,2). Then sketch the surface given by f, the curve C' and the
tangent line £ on the same graph.

Notice that f, = —2y, so when y = 1, the slope of the curve in the plane x = 1 is m = —2. That is, if Ay = 1, then
Az = —2 and, or course, Az = 0 since we are in a plane parallel to the yz-plane.



rz=1
Then, a parametric equation for the tangent line is given by: £: < y=1+t teR
z2=2-2t

0? 02
10. Show that the functions f,(z,t) = sin(nmwz) cos(nmct) satisfy the wave equation: C2W = a—tf
x
0% fr 2 2

0
Notice that Ofn = nm cos(nmz) cos(nmet) and = —n*n” sin(nwx) cos(nmet)

0z 0x?
afn . . aan 2.2 2 ¢
On the other hand, 5 = e sin(nmx) sin(nwet) and G = e sin(nnx) cos(nmct)
0%f  0°f
2 _
Then €52 = B

11. Let w = f(z,y) = 222 — 2y® + 3y

(a) Find the increment Aw
Aw = f(z + Ax,y + Ay) — f(z,y) = 2(z + Ax)? — (z + Az)(y + Ay)? + 3(y + Ay) — (222 — zy? + 3y)
=2(2? + 2xAx + (Az)?) — (z + Az)(y? + 2yAy + (Ay)?) + 3y + 3Ay — 222 + zy? — 3y
= 222 + dxAx + 2(Ax)? — (2y? + y? Az + 20yAy + 2yAyAz + 2(Ay)? + Ax(Ay)?) + 3y + 3Ay — 222 + 2y* — 3y
= dxAz + 2(Az)? — y?Ax — 2zyAy — 2yAyAz — 2(Ay)? — Az(Ay)? + 3Ay
= (42 — y?)Az + (3 — 2zy) Ay + (2Az — 2yAy) Az + (—zAy — AzAy)Ay
(b) Find the differential dw
dw = f, Az + f,Ay = (4o — y*) Az + (—2zy + 3)Ay
(¢) Find dw — Aw
dw — Aw = (—2Az + 2yAy) Az + (xAy + AzAy)Ay

12. Let w = f(z,y) = 2% In(y?)
(a) Find dw
dw = fo Az + fyAy = (22 In(y?)) Az + (xﬁ—%) Ay = (4 In(y))Az + (%) Ay

(b) Use dw to approximate the change in w as the input changes from (1, 1) to (1.1,1.2)
Notice that Az = .1 and Ay = .2

Then Aw ~ dw = (4(1) In(1)(1) + (242 (2) = (0)(1) + (2)(:2) = 04

0 0
13. Let w = f(z,y) = 42%y® where = v® — vsinu and y = 4u® + v. Use the Chain Rule to find 8—w and a—w
u v
First notice that f, = 8zy3, fy= 122242, z, = 3u® —vcosu, T, = —sinu, Yy, = Su, and y, = 1.

ow OJwdxr Jwdy

= (8zy?) (3u* —vcosu) + (122%y?) (8u) = 8(u? — vsinw)(4u? + v)*(3u® — vcosu) + 96u(u® — vsinu)?(4u? + v)?
o ow  Owdxr Owdy

Slmllarly, % = %% + ?y%

= (8zy?) (—sinu) + (122%y?) (1) = —8(u?® — vsinu)(4u? + v)*(sinu) + 12(u?® — vsinw)?(4u? + v)?

14. Consider the surface given implicitly by the equation zyz — 43?22 + cos(zy) = 0



0 0
(a) Use the Chain Rule to find % and &
or oy
Notice that F, = yz — ysin(zy), F, = vz — 8yz? — wsin(xy), and F, = zy — 8y?z

F _ .
Recall that % =__* = _w

Oz F xy — 8y?z
Similarly, 92 B _@z-— 8yz? — sin(zy)
dy F, Ty — 8y2z

(b) Find an equation for the tangent plane to this surface at the point (0, 1, %)
From above, VF = (yz — ysin(zy), vz — 8yz? — wsin(xy), vy — 8y2)
Then VF(0,1, 1) = (3 — 1sin(0),0 — 8(1) (%)2 —0sin(0),0 — 8(1)% (%)) = (3, -2, —4)
Then the tangent plane is given by the equation: %x —2(y—1)—4(z— %) =0 or %x —2y—42+4=0

15. Recall that when translating from rectangular to polar coordinates r = /22 + y2.

(a) Show that or = =T cost

a.’l? A /1‘2 —|- y2 T
Notice that we are looking at the conversion formulas from rectangular to polar coordinates as functions of two

variables.

0 1
Now, 2= = —(2? +y2)7%2:c S ——

"or 2 NS
Moreover, since x = rcosf), = = cos ). We also have that r =

9 1
(b) Starting with r = ——, does it follow that = = ——? Why or why not?
cos Ox  cosf

cos 0

It is tempting to view cos 6 as constant with respect to x and to compute % = Cols 5, but since we just showed that
% = cos #, so know that this can’t be true. The problem is our initial assumption. The expression cos# actually

depends on .
16. Given that z = f(x,y) = 2® — 2zy

(a) Find the equation of the tangent plane to f at (1,—1,3).

fo =32% — 2y and f, = —2z, so f,(1,—1) =5 and f,(1,—1) = —2. Also notice that f(1,—1) =3

Therefore, 77 = (5, —2, —1) and the tangent plane has equation 5(x —1)—2(y+1)—(2—3) =0or 5z —2y—2—4 =10
(b) Find an equation for the normal line to f at (1, —1,3).

The normal line is the line through (1, —1,3) in the direction of the normal vector (5,—2, —1)

r=145t
Therefore the line has parametric equation £: { y=—-1—-2t teR
z=3—-1

(c) Use the tangent plane you found to estimate f(1.1,—.9). How good is your estimate?
From the tangent plane equation, we have z = 5z — 2y — 4. Therefore, f(1.1,—.9) ~ 5(1.1) — 2(—0.9) — 4 =
554+18—-4=33
In actuality, f(1.1,—.9) = (1.1)3 — 2(1.1)(~0.9) = 1.331 + 1.98 = 3.311

17. Let f(z,y) = /22 + 42

(a) Find the directional derivative of f at (3, —4) in the direction of (3, —2).

. X Y
Notice that f, = —— and f, = ——.
/22 + 12 4 /22 + 12
Therefore, at (3, —4), f.(3,—4) = \/93-716 =2 and f,(3,-4) = ¢9_%6 =-2
Thus Vf(3,-4) = (2,-2).
Also, given ¥ = (3, —2), the unit vector in the same direction as ¥ is @ = S% = <i13, \;—%)

3 —2\_ _9 8 _ _17
AN v v v e Ry
(b) Find the magnitude and direction of the maximum rate of change of f at the point (3, —4).

The direction of the maximum rate of increase is V f(3, —4) = (2, —%).

Thus Dgf(3,—4) = Vf(3,—4) - i = (3, -3

The magnitude of the maximum rate of increase is ||V f(3,—4)|| =1/ =+ == =1/ = = L.



18. Find all points at which the tangent plane to the surface z = 222 — 4y + y* is parallel to the xy-plane.
Notice that the points where the tangent plane is horizontal are precisely those where both partial derivatives are zero.
Now, f, =4z —4y and f, = —4z + 4y If f, = 0 then 4o =4y or z = y.
Then, substituting, f, =0 becomes —4z + 423 =0, or 4z(z> —1) =0, s0ox =0orz=1or z = —1.
Then, since x = y the points are (0,0), (1,1), and (-1, —1).

19. Find VF at (1,2,2) if F(x,y, 2) = 22** 7Y — 4222
F, =222e*"7Y — 422 F, = —2%e** 7Y and F, = 2ze**7Y — 8zz, so VF = (222€2%7Y — 422 —22e257Y 22e2T7Y — 812)
Hence VF(1,2,2) = (8¢° — 16, —4e,4e® — 16) = (—8, —4, —12)

20. Let f(z,y) = 2® — 3y + o3

(a) Find all critical points of f.
If f, =322 — 3y =0, then y = 2.
If f, = —3z + 3y? = 0, substituting gives —3z 4+ 3z? =0, or 3z(2®* — 1) =0,s0z =0 or z = 1.
Therefore, the critical points are (0,0) and (1,1)

(b) Classify each critical point using the Discriminant.
Jzz = 6z, fyy = 6y, and facy =-3
Therefore, D(0,0) = (0)(0) — (=3)? = —9, so (0,0) is a saddle point.
Similarly, D(1,1) = (6)(6) — (—3)?> =36 — 9 = 27, and f,, = 6 > 0 so (1,1) is a local minimum.

21. Let f(z,y) = 4oy —a* —y* +4

(a) Find all critical points of f.
If f, =4y — 423 = 0, then 4y = 423, or y = 23
If f, = 4o — 4y3 = 0, substituting gives 4z — 42% =0, or —4z(2® —1)=0,s0x =0,z =1 or z = —1.
Therefore, the critical points are (0,0), (1,1) and (—1,—1)
(b) Classify each critical point using the Discriminant.
fox = —1222, f,, = —12y2, and f,, =4
Therefore, D(0,0) = (0)(0) — (4)?> = —16, so (0,0) is a saddle point.
Similarly, D(1,1) = (=12)(=12) — (4)? = 144 — 16 = 128, and f,, = —12 < 0 so (1,1) is a local maximum.
Likewise, D(—1,—1) = (=12)(—12) — (4)? = 144 — 16 = 128, and f,, = —12 <0 so (—1,—1) is a local maximum.



22. Find the absolute extrema of w = f(x,y) = 22 + y? — 2o — 4y on the region bounded by y =z, y =3, and 2 = 0
First, we find all critical points. If f, =2z —2 =0, then z = 1. If f, = 2y —4 = 0, then y = 2, so the only critical
point is (1,2).
f1,2)=14+4-2-8=-5.

Next, we check each component of the boundary:

If y = o, then f(x,2) = g(x) = 222 — 6z, so ¢’(x) = 4z — 6 which has a critical point when z = %, which is in our
region of interest.

FED =g =2 6 3= = a5
If y = 3, then f(x,3) = g(v) = 2% — 22 — 3, so ¢'(x) = 22 — 2 which has a critical point when x = 1.
F1,3)=g(1)=1-2—3=—4.

If 2 =0, then £(0,y) = g(y) = y* — 4y, so ¢’(y) = 2y — 4 which has a critical point when y = 2.

f(0,2) =g(2) =4—-8=—4.

Finally, we check the “corner” points: f(0,0) =0, f(0,3) =0+9—-0—12= -3, and f(3,3)=94+9-6-12=0
Therefore the absolute maximum is 0, which occurs at (0,0) and (3, 3) and the absolute minimum is —5, which occurs
at (1,2)

23. Find the absolute extrema of w = f(x,y) = 22 + y? on the region bounded by (z — 1)? + 4> =4
First, we find all critical points. If f, = 2z = 0, then x = 0. If f, = 2y = 0, then y = 0, so the only critical point is
(0,0).
£(0,0) =0.

Next, we check each component of the boundary:

If (x—1)?+y? = 4, then y? = 4— (z—1)?, so, substituting, we have g(z) = 22 +4—(x—1)? = 2 +4—2%4+2x—1 = 3+ 2x.

Then ¢'(z) = 2, so there are no critical points.

Notice that in our circular region —1 < z < 3, so we can check the “endpoints” as follows:

g(—1)=3—-2=1and g(3) =3+ 6 = 9. Also notice that of z = 3, then (3 —1)2 +y?> =4, or 4 +y?> =4, s0 y = 0.

Therefore the absolute maximum is 9, which occurs at (3,0) and the absolute minimum is 0, which occurs at (0, 0)
24. Cascade Cascade Container Company produces steel shipping containers at three different plants in amounts z, y, and

z, respectively. Their annual revenue is R(x,y,2) = 22yz? (in dollars). The company needs to produce 1000 crates
annually. How many containers should they produce at each plant in order to maximize their revenue?

We will apply the method of La Grange to the function R(z,y,z) = 2xyz? subject to the constraint g(wz,y,z) =
rz+y+ z=1,000.

Notice that R, = 2yz?, R, = 2222, R, = 4xyz, and g, = g, = g, = 1.

Therefore, we have 2yz? = A\ = 2222 = 4xyz. Hence z = 0, or x = y and 2yz? = 43%2, so z = 2y.
If z =0, then R(z,y,2) =0

If x =y and z = 2y, then y + y + 2y = 1,000, or 4y = 1000, so z = y = 250 and z = 500.

In this case, R(z,y, z) = 2(250)(250)(500)? = 31,250,000, 000 dollars of revenue.

25. Use Lagrange multipliers to maximize f(z,y) = 422y subject to the constraint z2 + y? = 3.
We will apply the method of La Grange to the function f(x,y) = 422y subject to the constraint g(x,y) = 22 +y*—3 = 0.

Notice that f, = 8zy, f, = 42?, g, = 2z, and g, = 2y. Also, we must have that Vf = AVyg.
Therefore, 8xy = 2Ax, so either x = 0 or 4y = A. [Notice that if x = 0, f(z,y) = 0]

Using the other pair of partials, 422 = A2y, or, substituting, 422 = 8y2, or z? = 232

We use this to substitute into the constraint, yielding: 2y? + 3% = 3, or 3y = 3, so y = £1

But then 22 = 2, so z = £/2.

Finally, f(£v/2,1) = 4(2)(1) = 8, and f(£v?2, 1) = 4(2)(—1) = —8.

Hence the maximum of f(z,y) subject to 22 + y? = 3 is 8, which occurs at (v/2,1) and (—v/2,1).



