Math 323
Exam 3 - Version 2 Name:

Instructions: You will have 55 minutes to complete this exam. The credit given on each problem will be proportional to
the amount of correct work shown. Answers without supporting work will receive little credit.

1. Let z = f(z,y) = .
x?—y

(a) (8 points) Sketch the domain of this function.

Notice that to be in the domain of this function, we need 22 —y > 0, or 22 > y. Thus the domain of this function is
the subset of the xy-plane strictly below (that points with smaller y-coordinates than the points on) the parabola
given by the equation y = 22 (See the graph below).
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(b) (8 points) Sketch contours for z = f(z,y) when z = 1 and when z = 1.

When z =1, f(z,y) = =1,s0 /a2 —y=1 Thus 2> —y=12=1,ory = 2% — 1.

When z =, f(z,y) = ——==-,s0 /22 —y=2. Thus 2? —y =22 =4, or y = 2% — 4.
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2. (10 points) Show that  lim % does not exist.
(2,9)—(0,0) % + Yy

We will compute the limit along two paths and obtain different values in order to show that this limit does not exist.
In this example, we need to choose our second path carefully using the form of the expression to guide our choice.

Along z = 0: lim —
8 (0.49)—(0,0) y?

222 (22) . 274

im )y -
(z,xzig(0,0) T4+ (.’E2)2 (z,z2§I~I>1(O,O) 274

Along y = 22 =

. 2
lim - =1.
(z,22)—(0,0) 2

Since the value of the limit along these two paths does not agree (0 # 1), this limit does not exist.



3. Given the equation: sin (zyz) + 522y — 3zy? — 232 — 8 = 0:

9
(a) (8 points) Use implicit differentiation to find aTi

0z F,
Recall that — = ——.
ccall that =~ 2

Also, F, = yzcos(zyz) + 102y — 3y? and F, = 2y cos(zyz) — 21°.

Th 0z yzcos(zyz) + 102y — 3y>  —zcos(zyz) — 102 + 3y
en — = — =
Ox xy cos(zyz) — 2y3 x cos(zyz) — 2y?

(b) (8 points) Find an equation for the tangent plane to this surface at the point (—1,1,0).
We first use the gradient to find a normal vector to the tangent plane:
VF = (F,, F,, F,) = (yzcos(zyz) + 10zy — 3y?, xz cos(zyz) + ba? — 6xy — 6y*z, xy cos(zyz) — 2y3)
Then VF(-1,1,0) = (04 (=10) = 3,0+ 5+ 6 — 0, —1cos(0) — (2)) = (—-13,11,-3) =17
Using 77 = (—13,11, —3) and the point P(—1,1,0), the desired tangent plane has the following formula:

—13(z+1)+11(y — 1) — 3(2 — 0) = 0. Simplifying gives —13z — 13+ 11y — 11 —3z2=0o0r —13x 4+ 11y — 32 =24

4. (10 points) Let w = f(z,y) = 1022y3.
Find the differential dw and use it to approximate Aw as the input changes from (1,2) to (0.9,2.2)

First, recall that dw = f,(z,y)dz + fy(z,y)dy.
Here, f.(z,y) = 20xy3, f,(z,y) = 302%y?, do = Az = —0.1,dy = Ay =02, z = 1, and y = 2.
Then dw = 20zy3dx + 30x%y%dy = 20(1)(2)3(—-0.1) + 30(1)(2)%(0.2)

= (160)(—0.1) + (120)(0.2) = —16 + 24 = 8.



5. (10 points) Suppose w = f(z,y) where x = 3s’t and y = ¢t — 2s. Also suppose that f,(z,y) = 5y* and f,(z,y) = 10zy.

Find the value of a—w when s =2 and ¢t = —1.

d o
Recall that %—‘s” = %-%Jr%”.% :fl_(x’y).g%+fy(x7y).£

Furthermore, % = 6st, % = —2, and we are given f,(z,y) = 5y* and fy(z,y) = 10zy.

Then 5%1:) = (5y?)(6st) + (10xy)(—2). Notice that when s = 2 and t = —1, then x = 3(2)*(-1) = —12, and y =
—1-2(2) =-5.

Substituting, we have 2% = 5(—5)% - 6(2)(—1) + 10(—12)(—5)(—2) = —1500 — 1200 = —2700.

6. (10 points) Given that z = f(z,y,2) = ye®® find the derivative of f at the point (1,—1,0) and in the direction of the
vector (5,—1,3).

Recall that Dy f(a,b,c) = Vf(a,b,c)-u. Here, Vf = (fz, fy, f-) = (yze™*, e**, zye®?)

Then Vf(1,~1,0) = {(=1)(0)e", €, (1)(~1)e’) = (0,1, -1).

Also, = 0 = »-L3) (-1 5 13,
T T VBRI V35 WBE V35 V35
Then Dgf(1,-1,0) = VF(1,=1,0) - @ = (0,1, -1) - (B, — =, 22) = (0B — () he — B = 7 = — 440

7. (16 points) Find all the critical points of f(x,y) = 4zy — 2* — y*, and classify them using the Discriminant.

Since f(x,y) is continuous and has continuous first partials (it is a polynomial in two variables), its critical points occur
when f, = f, =0.

Notice that f(z,y) = 4y — 423 and f,(z,y) = 4o — 4y°.

If f, =0, then 4y = 423, so y = x3. Similarly, if f, = 0, then 4z = 433, so v = y3

Substituting the second equation into the first equation gives: y = (y*)* = ¢, or y° —y = 0.

Then y(y® —1) =0, so y = 0, or y® = 1, in which case, y = £1.

Combining this with the fact that x = y3 gives the critical points: (0,0), (1,1), and (=1, —1)

Next, we classify these critical values using the discriminant. Recall that D(a,b) = fyz(a,b) fyy(a,b) — [fay(a, b))%
Notice that f,, = —1222, fyy = —12y2, and fzy = 4. Then we have the following:

D(0,0) = (0)(0) — 42 = —16 < 0, so a saddle point occurs at (0,0, f(0,0)).

D(1,1) = (=12)(—12) — 4% = 144 — 16 = 128 > 0, and f,,(0,1) == 12 < 0 so a local maximum occurs at (1,1, f(1,1)).

D(—1,-1) = (=12)(=12) — 4% = 144 — 16 = 128 > 0, and f,,(0,1) == 12 < 0 so a local maximum occurs at
(_13_17f<_17_1))



8. (16 points) Use Lagrange multipliers to solve for following: The sum of three positive numbers z,y, and z is 120. Find
the maximum possible value for zy?z.

Notice that we are trying to maximize the value of the function f(z,vy,z2) = ry?z.
Since the sum of the number must be 120, we will take g(z,y,2) = x +y + z — 120 = 0 to be the constraint equation.

Using Lagrange’s method, we recall that solutions occur when Vf = AVg and at points where the constraint equation
g(x,y) = 0 is satisfied.

We see that Vf = (fu, fy. f2) = (%2, 2zy2z,2y%,) and Vg = (gs, 9y, 9-) = (1,1,1)
Then we have y?z = ), 2zyz = XA and xzy? = X\. Then \ = y?2z = 22yz = 29>
Consider 3%z = 2xyz. Then either y =0, 2 =0, or y = 2.

Similarly, consider 2zyz = xy?. Then either z = 0, or 2z = .

Notice that if any of the variables z, y, or z are zero, then f(z,y,z) = xy?z = 0. Then we will consider the non-zero
equivalences.

If y = 2x = 2z, then y = 2z, and z = x. We substitute into the constraint equation, yielding = + 2x + x = 120, or
4r = 120.

Then x = 30, z = ¢ = 30, and y = 2x = 60.

Notice that f(30,60,30) = (30)(60)2(30) = 3,240,000, which is greater then zero. Hence the maximum value for the
expression zy” under the constraint x + y + z = 120 is 3, 240, 000.



