Math 261

Exam 1 - Practice Problem Solutions

1. Given the points A : (4,—2) and B : (—=2,7):

(a)

Find an equation for the line containing A and B
:y2_y1_7_(_2)_ 9 3

m

o —1y —2-4 -6 2

Using the point (—2,7) and the point-slope formula, y — (7) = —3(z +2), or y — 7= -3z — 3.
Therefore, y = —%x +4

Find the line that is perpendicular to the line you found in part (a) and containing the point (1, —1)

Since the slope of the previous line is m; = —%, a line that is perpendicular to the previous line has slope equal
to the negative reciprocal my = 7mi1 = %

Also, since the line passes through (1, —1), the equation of the line is given by:
y—i—l:%(z—l):%x—%

Thus, y = %x - %
. . . . a2 —1
2. Find solutions to the inequality: ———— <0.
44+ —6
Dx—-1
Factoring, we have: w <0.
(x+3)(z—2)
Notice that the numerator is zero when x = 1 or x = —1, and the denominator is zero when x = —3 or z = 2.

Therefore, using sign analysis, we have the following sign diagram:

— i — + +i + x+1
""""" s ke

— 4+ o+ o+ o+ x+3
""""" —_ — i+ x-2

Lo I R

RN S SR S S -

-4 ' 2" 0 15" 4

Thus the solution to this inequality, in interval notation, is: (=3, —1] U [1,2)

3. Given the function f(z) =

1
xr — 2

(a) What is the domain of f? Give your answer in interval notation.

Notice that f(z) is defined except when x = 2. Therefore, the domain, in interval notation, is: (—o0,2) U (2, 00)

(b) Find f(5) and f(2a +4)

(c) Find

f(5) = 525 = 5. Similarly, f(2a +4) = @ +14)_2 =ls = 2(a1+1)
fla+h)— f(a)
h

(be sure to simplify your answer).

flat+h)—fa) _ oz~ a3 _ amnes — e _(@=2)—(a+h-2)
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(a+h—2)(a—2) h (a+h—2)(a—2)




4. Given that f(x) = ﬁ
(a) Find fog(2)
fog(2) = f(9(2) = f(vV4—9) = f(+/=5), which is undefined.

(b) Find the domain of 99 Give your answer in interval notation.

f
To be in the domain of % an z-value must be in the domain of both f(x) and g(x), and we must also have
g9(x) # 0.
The domain of f(z) is all x except when 2z — 3 =0, or 2z = 3. Thus, the domain is z # %
The domain of g(x) is all z for which 22 — 9 > 0, or 2 > 9. Thus, we need || > 3. Hence x > 3 or x < —3.
Finally, we need g(z) # 0, so 22 # 9, or x # 3 and = # —3
Combining these, the domain is: (—oo, —3) U (3, 00)

5. Find the exact value of each of the following:

6. Find all solutions to the following equations. Give the exact answers.

(a) 2sin3z = /3
sin 3z = 2, so either 3z = % + 27k or 3z = 2F + 27k
Hencex:g—i—%ﬂkorm:%ﬁ—i—%ﬂk

(b) sin®(z) — sin(z) =0
Factoring, sinz(sinz — 1) =0, so sinz =0 or sinz =1

Therefore, v = 0 + 27k or z = 7 + 27k or v = 5 + 27k

7. Find the values of z, y and z in the triangle shown below:

(o]

23
X
First, z = 180 — 23 — 90 = 67°
Next, sin23° = &, so y = 6sin 23° ~ 2.3444

Similarly, cos23° = £, so = 6 cos 23° ~ 5.5230 (or we could use the Pythagorean Theorem to find the third side).



8. A function f is graphed below. Find the following:

(a) f(=5), f(=3), and f(4)
From the graph we see f(—
f(=3)=-2, and f(4) =
find the domain and range of f

Domain: (—o0,2) U (2,00)

Range: (—3,00)

find the intervals where f is decreasing
Decreasing: (—oo,—5) U (2,4)
find iliri f(x)

lim f(z) =

find lim f(z) and lim f(x)
z—2+1

-3

X T2~
lim f(z) =ocand lim f(z)=1
T2~ r—21
(f) find xkr_noof(gc) and mlg{.lo f(z)
zggloof(x) =1 and zhHH;O flz) =
(g) find the points where f(z) is discontin-
uous, and classify each point of discon-
tinuity.
Points of discontinuity:
x = —3 (jump discontinuity)
2 = 2 (infinite discontinuity)
2z = 4 (removable discontinuity)
9. Find the following limits:
3z+7  32)+7 13 13
(a) lim = =2 -2
=>2\br—1 /52 -1 V9 3
20% + o — 2r — 2 2 3+2 1
(b) lm 22 TE=0 g, Geod@td) g wE2 e
o2 4r? —dr -3 53 (20 -3)2z+1) o-322+1  (2)2 4 8
41 24 4)(2? -4 24 4)(z—2 2 244 2
et I o [ L) N C e [ ot ) (P4 +2)
a=222 —x—2 a2 (z—2)(x+1) 22 (x —2)(z+1) =y x+1
L @492+2)  ®@) 32
B 2+1 3 3
(d) lm Vz+2
r——21
Notice that v/ + 2 is defined for z > —2. Therefore, 111112 Ve+2=v-2+2=0
T——
4
I
(e) xigl+ Ve —3
Notice that for z > 3, v/x — 3 > 0. Therefore, lim =00
r—3+ r—3
—5) (22 —
() Tim 3z —5)(2z — 3)
z—oo (20 4+ 1)(3z — 2)
- (3z —5)(2x —3) - 622 — 197 + 15 2?6 -2+ 13) i (6 — 12413 _6_
v=oo (20 +1)(3x —2) e—e 622—2—2 oo a2(6-1-2) oo (6-1-2) 6
—5) (22 —
(&) lim Bz —5)(2z —3)
T—00 (2x + 1)
3z —5)(2r — 3 622 — 197 + 15 6x —19+ 18 6z — 19 19
limw— i—lim z =1l v = lim 32z — — =



10. Given the function

ifz<l1

(a) Graph f(x).

\
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(@) and Jim f(a)

i
(2), . 11r1r11+
=1

()

f(z) =3
lim f(x) does not exist

x—1

r—1—

lim f
z—1—

Find lim f

(b)

lim
rz—1+

1?7 Justify your answer.

(c) Is f(x) continuous at x

No. Since lim f(z) does not exist, f(z) is not continuous at z = 1.

rz—1

13, and e = .01, find the largest ¢ such that if 0 < |x—2| < J, then |f(x) —13] < e.

f(x)

If |f(x) — 13| <, then |23 +5 — 13] < ¢, or |2° — 8| < .01

2 +5, lim
r—2

11. Given that f(x)

That is, —.01 < 23 — 8 < .01, or 7.99 < 23 < 8.01. Thus v/7.99 < z < V/8.01
Notice that 2 — v/7.99 ~ —.000833681 and v/8.01 — 2 ~ .000832986

Then the largest ¢ that works is § = v/8.01 — 2



12. Use the formal definition of a limit to prove that hH%3 br —21 =09.
z—

Let € > 0 be givenm and suppose that |f(x) — 9| < e. Then |52 — 21 — 9| = |5z — 30| < e.
But then 5|z — 6] <€, so [z — 6] < £.

Therefore, let § < £, and suppose |r — 6| < 0.

Then 5|z — 6] < 5 < e.
Therefore |5z — 30| = |5z — 21 — 9| < ¢, or |f(z) — 9] <e.

Thus lim 5x — 9 = 21
r—6

22—z -2
13. Let =—
ot fz) = —5—-
(a) Find the values of  at which f is discontinuous.
2 —x—-2 (z—-2)(x+1)
22 -2  x(r—2)
Therefore, we can see that f(x) is discontinuous at z = 0 and x — 2

Factoring, f(x) =

(b) Find all vertical and horizontal asymptotes of f.
Since we can cancel the two (z — 2) terms, there is not a vertical asymptote when z = 2
The only vertical asymptote is at = 0.

2?2 —x—2 1-

To find the horizontal asymptote, we compute lim f(z) = lim —5——— = lim
T—00 r—00 2 — 2¢ —00 1

2
z2

=1

1
T

8N |

Thus, y = 1 is the horizontal asymptote of f(x).

V9 _ 22
14. Find the x values at which f(x) = 47?6 is continuous.
4 —

First, notice that that 24 — 16 = (22 +4)(2? —4) = (22 +4)(z — 2)(x +2), so f(z) is undefined when x = 2 and z = —2.

Also, for f(z) to be defined, we must have 9 — x2 > 0, or 22 < 9. Thus —3 > x > 3.
Therefore, f(z) is continuous on the intervals: [—3,—2) U (—2,2) U (2, 3]

15. Use the Intermediate Value Theorem to show z° — 3z* — 223 — 2 + 1 = 0 has a solution between 0 and 1.

Let f(z) = 2° — 32* — 223 — x + 1. Notice that f is continuous since it is a polynomial. Also, f(0) = 1 and f(1) = —4.

Thus, by the IVT, for every —4 < w < 1, there is a ¢ satisfying 0 < ¢ < 1 with f(¢) = w. In particular, f(c) = 0 for
some ¢ between zero and 1.



