Math 261
Exam 4 - Practice Problem
Solutions

1. Suppose you throw a ball vertically upward. If you release the ball 7 feet above the ground at an
initial speed of 48 feet per second, how high will the ball travel? (Assume gravity is —32ft/sec?)

We know that a(t) = —32, v(0) = 48, and s(0) = 7.
Antidifferentiating, v(t) = —32t + C, so v(0) =48 = —32(0) + C, so C' = 48, and v(t) = —32t + 48.
Antidifferentiating again, s(t) = —16t* + 48t + D, so s(0) =7 = D, and s(t) = —16¢* 4 48t + 7.

The max height ocurs when v(¢) = 0, that is, when —32t 4 48 = 0, or 32t = 48, so when t = g—g = %
[Notice s”(t) = a(t) < 0, so we know it is a maximum|

Thus, the max height is: s(2) = =16 (2)* + 48 (2) 4 7 = 43, or 43 feet.

2. Find each of the following indefinite integrals:
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(a) / romrTe im i dx
T2

1 1 1
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(b) /Sin3 x cos xdx
1
Let w = sinz. Then du = cosx dx, and we have /u3 du = ZU4 +C.

Thus the indefinite integral is: }Lsin4 x+C.
(c) /5x(x2 +1)%dx
2 1 5 g 51 4 9
Let u ="+ 1. Then du = 2z dx, or ; du = dx, so we have | -u°du= -—u"+C = —u’.

2 29 18
Thus the indefinite integral is: 2 (z? +1)? + C.

(@) / :Ex—l— 1dx |

This is a trickier substituion problem. Let « = x + 1. Then v — 1 = z, and du = dx.
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4 du:/ué—u_édu:gug—ZuéqLC.
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Thus the indefinite integral is: 3(z + 1) —2(z+1)2 +C.

Thus we have the indefinite integral: /

3. Solve the following initial value problems under the given initial conditions:

(a) & =sinz+ 2%y =>5 when 2 =0
Antidifferentiating, y = — cosx + %SB?’ +C.
Therefore, 5 = — cos(0) + 3(0)* 4+ C, or 5= —14+0+C, so C = 6.

Therefore, y = — cosz + 2% 4 6.



(b) (@) = 4sin(2r) — cos(x)i ¢ (5) = 3i9(3) = 6
Antidifferentiating, ¢'(z) = —2cos(2z) — sinz + C
Therefore, 3 = —2cos(m) —sinf +C = —2(-1) =1+ C,503=2—-1+C,or C = 2.
Hence ¢'(z) = —2cos(2z) — sinx + 2. But then g(z) = —sin(2x) + cosz + 2z + D.
Moreover, 6 = —sin(r) +cos2 +2(2) +D,or 6=0+0+7+D,s0o D=6—7
Thus g(x) = —sin(2z) + cosz + 22 + 6 — 7.

4. Express the following in summation notation:
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5. Evaluate the following sums:
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6. Express the following sums in terms of n:
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7. Consider f(z) = 3z% — 5 in the inteval [3,7]

(a)

(b)

()

Find a summation formula that gives an estimate the definite integral of f on [3,7] using n
equal width rectangles and using midpoints to give the height of each rectangle. You do not
have to evaluate the sum or find the exact area.

Notice that Az = % = %. Since we want to use midpoints for our heights,zy = 3+kAx— % =
3+ 4k—2'

4k —2\? 4
Therefore, A, Zf xp) Az = ; 3 (3 + - > — 5] <ﬁ)

Find the norm of the partition P:3<35<5<6<6.25<7
The norm is the widest gap in the partition: 5 — 3.5 = 1.5

Find the approximation of the definite integral of f on [3,7] using the Riemann sum for the
partition P given in part (b).

A S0 fla) Az, = f(3.25)(.5) + f(4.25)(1.5) + £(5.5)(1) + £(6.125)(.25) + f(6.625)(.75) =
(26.6875)(.5) + (49.1875)(1.5) + (85.75) (1) + (107.546875)(.25) 4 (126.671875)(.75) = 294.765625
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8. Assume f is continuous on [—5, 3], f(z) do = -7, / f(z) dz =4, and / f(z) dz = 2. Find:
-5 -1 1
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(b)

lf(‘”) dxz/:f(x) dx+/if(x) dx—/lgf(x) dr=—-T4+4-2=-5

c) /3]‘(3:) d:v:/_lf(:v) d:L‘—I—/jf(:B) de = —-T+4=-3

/ fla

) Find the average Value of f on [ 5, —1]
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9. Evaluate the following:
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a 24 —=+2dx
<>/1 e

= Loty o g opd = (14t 4248 4 2(4)} . [;114 1213+ 2(1)] = 76 — 4.25 = T1.75

(b) /01 2*(22° +1)% do

Let u = 223 + 1. Then du = 622, or —du =dzx.
Notice 2(0)* +1 =1, and 2(1)> +1 =3

1 26 13
~ (3 -1%) = =2,

31 1
Then we have / —u? du = —u33
1 18 9

6 BV =1g



(©) / * sin®(22) cos(22) dx
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Let u = sin(2z). Then du = 2 cos(2z)dz or tdu = cos(2z)dx

Notice that sin(2f) = sin § = ‘/Tg, while sinm =0
4
0
1 1 1 (V3 9
Then we have /‘f §u3du = Zuﬂ()@ =0- 3 <7> — ~T3

K
(d) / sinz dx = 0, since sinz is an odd function.

—T

d 3
(e) . < / Vit — 1) dt = 0, since a definite integral gives a constant, and the derivative of a
T \J1

constant is zero.

(f) /3 {% (m/ﬁ) dt} = (3V32 1) — (IVI2 = 1) = 3v8 = 6v2

1

dt
t2+1

10. Suppose G(x) :/
2

(a) Find G'(2) = 221ﬁ =1

(b) Find G'(2%) = 5 [Note: G'(2?) # 4 G(2?)]
(c¢) Find G"(3)

Notice that d%:x%ﬂ — _(x;ﬁ)z-
_ =23 _ -6 _ -3
Thus G"(3) = B211)2 — (102~ 50°

11. Given the following graph of f(z) and the fact that G(z) = / f(t) dt:
-2

(4)(2) = 6 [Compute area directly]




12. Find the between the curves:

(a) y=a?’+1landy =3z —1
First notice that these curves intersect when 22 + 1 = 3z — 1, or when 22 — 3z + 2 = 0. That
is, when (r — 2)(x — 1) =0, or when x =2 and =z = 1.
Next, notice that 3z — 1 > 22 + 1 on [1,2]. Thus the area between these curves is given by:

2 2 I3 3
/(3x—1)—(x2+1)dx—/—x2—|—3x—2dm——§+§x2—2x
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(b) y=2*—1andy=1—z on [0,2]
First notice that these curves intersect when 2?2 — 1 =1 — z, or when 22 + 2 — 2 = 0. That is,
when (z +2)(z — 1) =0, or when x = —2 and z = 1.
Next, notice that 1 —z > 2? — 1 on [0, 1] while 22 —1 > 1 —xz on [1,2]. Thus the area between
these curves is given by:

1 2 1 2
/(l—x)—(:pQ—l)dm—i—/(:v2—1)—(1—x)dx:/—x2—x+2dx+/x2—|—a7—2da:
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+ | s2® + z2* - 22| | =3.
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c)y=z,y=2,y+x=6,andy =0
This integral is a bit easier if we slice the area horizontally and integrate with respect to y, so,

solving for z in terms of y, we have z = y and 2 = 6 — y, with 6 —y > y on [0,2]|. Therefore,
the area of this region is given by:

2 2
/(G—y)—(y)dyz/ 6 — 2y dy = 6y — y°
0 0

(d) z=9y* x=4
We will find the area by integrating with respect to y. Notice that y? = 4 when y = £2. Also,
4 > y?* on [—2,2]. Therefore, the area of this region is given by:
2

2 1 32
4 —y? dy = 4y — =° —.
/_2 y dy=4dy—3y 3

2
=12-4=8
1
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13. (a) Use the Trapeziodal Rule with n = 4 to approximate / 27° dx
0

A 200 F(0)+2f (1) 42 (2)+2f(3)+F(4)] = L[0+2(2:1)+2(2-8)+2(2-27)+2-64] = 1[272] = 136

4
(b) Use the Fundamental Theorem of Calculus to find / 22 dx exactly. How far off was your
0

estimate?

/423d 1414 Lyt =108
T T = — = — — =

0 27 109

The error in our approximation is 136 - 128 = 8



