Math 261
Exam 4 - Version 2
12/05/2014

Name:

Instructions: You will have 55 minutes to complete this exam. Calculators are allowed, but this is a closed book, closed
notes exam. The credit given on each problem will be proportional to the amount of correct work shown. Correct answers
without supporting work will receive little credit. Simplify answers when possible and follow directions carefully on each

problem.

1. Let f(z) = 2% — x.

(a) (4 points) Approzimate the area under f(x) on [0,4] using four rectangles and using left hand endpoints.

First, notice that since a = 0, b = 4, and n = 4, then Az = ”_Ta = % = 1. Also note that we are using left-hand

endpoints.

4
Therefore, A ~ Z flzp)Ax =
k=1

[0, 4]

fO)- (1) + (1) - (1) +

£(2)- () + f(3)-1=0(1) +0(1) +2(1) + 6(1) = 8 units™.

(5 points) Use summation notation to write an expression that represents approximating the area under f(z) on
using n rectangles with right hand endpoints.

In a general equally spaced right-handed sum, Az = 2=¢ = 4=0 — % and zp =0+ kAx = %.

ThenAzkzn:_lf(‘f> (i>_i

k=1
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(7 points) Use the expression you found in part (b) to find the exact area under f(z) on [0,4] by first using

) (-2

summation formulas and then taking the limit as n — oo.
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(d) (4 points) Verify your answer to part (c) by using the Fundamental Theorem of Calculus to evaluate /o f(z)dx.

= S - (- 0-0)= 5 8=

64 64 24 4£ anits?.
3 3 3 3



2. (4 points each) Compute the following:

a (= 1 Sd 1
<a>dx</o m‘”) o | s
= 4 (Pt - P () ~ F2) - F(0)
:Fl(lA)i (x4) 70 _ ]. . ]_
da VOET V0T
_ 4a? VT4 T—4VT
S VaB T Co4vT 28

3. (5 points) State the Second Part of the Fundamental Theorem of Calculus.

b
If f is continuous at every point in [a,b] and F is any antiderivative of f on [a,b], then / f(z) de = F(b) — F(a)

5 8 8
4. (4 points each) Suppose that f(x) is a continuous function satisfying: / f(z)dx =7, / f(z)dx = -2, and / g(x)dx = 3.
1 5 5
Find:

8 8
@ [ fe)ds ) [ 24(e) - 3go) do
5 ! 8 g” 8
:/ f(x)dac—l—/5 f(z)dx :2/5 f(x)dm—3/5 g(x)dx
L7 (=25 —2(°2) —3(3) = —4 -9 =13
(c) /1 f(x)dx (d) the average value of g(z) on [5, §]
55 8
1
:7/1 f(z)dx =3¢ : g(z) dx

=-7 =1(3)=1



5. Given the following graph of f(x), let g(x) = / f@)dte.
—2

(k)
N i
\ :
(a) (4 points) Find g(2). (b) (4 points) Find ¢'(2) () (4 points) Find ¢"(2)
9(3) = /2 f(t)dt. g'(2)=[f(2) =2 9"(2) = f(2) =229 = 1.
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= Area under f on [—2,2]

=1B+9@)+3i(4+2)(2)
=7+ 6 = 13 units?

6. Evaluate each of the following (if possible):

xr — 2 2x
a) (5 points dzx b) (6 points /7dx
(@) (5 points) [ 2= (b) (6 points) [ ———
— E_Edm Let u = 322 — 1. Thendu:6xdx,or%du:2xdm
4 ozt
1 .
Then we hawe/ﬂf5 du
z/m73—2x74 dx 3
) , =1 i +C=2VR?-1+C
-2 -3
=—-z —2<>x +C
-3
1 2
=57 T3 1 C
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(¢) (5 points) / i dx (d) (8 points) / 3sin 6 cos® 0 df
0

x4 -
©
Let u = cosf. Then du = —sinfdf. Also, u (%) = @,

—4 and u (Z) =0
sc 7 has an infinite (2)
T

Notice that the integrand

discontinuity at x = 0.

5

0
Then we have/ —3u? du :/ ’ 3u? du
0

V3

Therefore, the integrand is not integrable on [0, 1], 4

so there is no solution.




7. (5 points each)

(a)

2
Use the Trapezoidal Rule with n = 4 to approximate / (5x2 - x?’) dx
-2

Noticethatn:47soAsc:b‘%:#:%:l.

Recall that in the Trapezoidal Rule, A ~ %% (f(a) + 2f(a + Az) + ... + 2f(a + (k — 1)Az) + f(z,))

T2 (F(=2) + 2/ (=1) +2/(0) + 2 (1) + £(2)) = § (28 +2(6) + 2(0) + 2(4) + 12)

= 1[60] = 30 units”.

M(b—a)®
12n2

Find the maximum possible error for your approximation from part (a). Recall that E,, <

M(b—a)?

15,2~ Where M is the maximum

Recall that the maximum error for the Trapezoidal Rule is given by Error <
absolute value of the second derivative f”(z) in the interval [a, b].

In this case, f'(x) = 10z — 32? and f”(x) = 10 — 6z. Since f”(x) is linear with positive slope, it had no
critical points, so it’s extrema occur at the endpoints of the interval. Notice that f”(—2) = 10 + 12 = 22 and
f"(2)=10—-12=-2,s0 M =22 and n =4

22(4)% _ 22(4) _ 22

Therefore, E, < @ = 12 5

8. (10 points) Set up an integral that can be used to find the area bounded between y = 2% + 222 — 3z + 2 and y = 2.
You DO NOT need to evaluate this integral.

First, note that if 23 + 222 — 32 4+ 2 = 2, then 2% + 222 — 32 = 0, so x(2? + 22 — 3) = 0, or z(z + 3)(z — 1) = 0. Hence
r=0,z=-3,orz=1.

Next, we graph the functions involved in defining our region. Note that the points of intersection are (—3,2), (0, 2),

and (1,2). Also, note that when z = —1 we have (—1,6) on the cubic. Similarly, when z =

L we have

3 (%,%) on the

cubic. y = 2 is a horizontal line.
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From this, we set up two integrals whose sum gives the total area:

0 1
A:/ (x3+2x2—3x—|—2)—(2)dx+/(2)—(m3+2x2—3x+2)da§.
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