Math 210
Exam 2 - Practice Problems

1. For each of the following, determine whether the statement is True or False.

(a) 0 C {a,b,c,d} TRUE (d) 0 C {a,b,0} TRUE (g) 1€ {0,{1},{0,1}} FALSE
(b) 0 € {a,b,c,d} FALSE (¢) {a,b} C {a,b} FALSE (h) {0,1} € {0,{1},{0,1}} TRUE
(c) 0 € {a,b,0} TRUE (f) 0 € {0,{1},{0,1}} TRUE (i) {0,1} € {0,{1},{0,1}} FALSE

2. Given the set B = {a,b, {a,b}}
(a) Find |B]. (b) Find P(B)
Bl =3 P(B) = {0,{a}, {b}, {{a, b}},{a, b}, {a, {a,b}},{b,{a,b}},{a, b, {a, b} }}
3. Given that A ={1,2,3} and B = {a,b,c,d,e, f}
(a) List the elements in A x A.
AxA={(1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),(3,2),(3,3)}
(b) How many elements are in A x B?
|Ax B|=1A|-|B|=3-6=18.
(c) How many elements are in A x (B x B)?
First notice that |B x B| = |B|-|B| =66 = 36.
Then |A x (B x B)|=|A|-|B x B| =3-36 = 108.
4. Find the set of all elements that make the predicate Q(z) : 22 < x true (where the domain of z is all real numbers).
First notice that if > 1, then -2 > 1 -, so 22 > z.
If z < 0, then since 22 > 0 for all real z, 2 > 0 > z.
If £ = 0, then 02 = 0. Similarly, if x = 1, then 12 = 1.
fO<z<l,thenz-z<1-z ora?<a.

Hence the set of all elements that make the predicate Q(z) : 22 < x true is A = {z |0 < z < 1}.

5. Given that A = {0,2,4,6,8,10,12}, B ={0,2,3,5,7,11,12} and C = {1,2,3,4,6,7,8,9} are all subsets of the univers
set U ={0,1,2,3,4,5,6,7,8,9,10,11,12}, find each of the following:

(a) A— B={4,6,8,10} {0,2,3,4,6,7,8,10,12} (f) (AnC)uU (B - A)

(b) 4 ={1,3,5,7,9,11} (e) A-—(Ba () - ? nc = ?,47678}7 A
_ B =1{1,4,6,8,9,10},s0 B&C = 1,3,5,7,9,11}, and so B — 4

(¢c) ANB ={0,2,12} (2,3,7,10}. {0,2,12}.

(d) Au(BNC) Hence A — (B & C) = Thus (AN C) U (B — A)

BNC = {2,3,7}, so AU(BNC) = {0,4,6,8,12} {0,2,4,6,8,12}

al



6. Draw Venn Diagrams representing each of the following sets:

(a) A-B

() (AUC)N B

U

U
A

7. Use a membership table to show that (B — A)U (C — A) = (BUC) — A.

(&) A— (BUC)

A[B[C|B-A[C-A|(B-A)U(C—A4) A[B|C|BUC | (BUC) -4
T[1[1] 0 0 0 T[1 1] 1 0
T[1]0] 0 0 0 T[1]0]| 1 0
T[o0]1] 0 0 0 1[0 1| 1 0
100 o 0 0 1[0l0] o0 0
0l1]1| 1 1 1 0111 1 1
0|10 1 0 1 0l1]0]| 1 1
0jlo[1] o 1 1 010 1| 1 1
0/0]0]| O 0 0 0/0][0] 0 0

Since the last columns of these membership tables are identical, these two sets are equal.

8. Use a 2-column proof to verify the set identity: AU (AN B) = A.

Statement Reason
AU(ANB) Given
={z|(x € A)V[(x € A) A (z € B)]} | Definition of union and definition of intersection.

:{x

x € A}

Absorption Law for logical statements.

=A

Definition of A

The proof given in the table above verifies that these sets are equal, so this identity is always valid.

9. For each of the following, either prove the statement or show that it is false using a counterexample.

(a) (A—B)—C=A—(B-C)

FALSE. Consider the counterexample: A = {1,2,3,4}, B ={2,3,5}, and C = {3,4,5,6}.
Then A — B ={1,4},s0 (A— B) — C = {1}, while B— C ={2},s0 A— (B—-C) ={1,3,4}.
Then (A—B)—-C#A—(B-C)




(b)

()

Ao (BaC)=(A@B)aC
We will prove this equality using membership tables:

A[B|C|BaC|A®(BaC) A[B[C[AGB]|(AcB) &C
T[1]1] 0 1 T[1]1] 0 i
T[1]0] 1 0 1[1]0] 0 0
1[o]1] 1 0 1o 1] 1 0
1(0[0] 0 1 1[0]0]| 1 1
0[1]1] 0 0 01 1] 1 0
0[1]0] 1 1 0] 1|0 1 1
00| 1] 1 1 0jo[1] o 1
0]0]0]| o0 0 000 o0 0

Since the last columns of these membership tables are identical, these two sets are equal.

AN(B—-C)=(ANB)—(ANC)

A[B[C|B-C|(An(B-0) A[B|C|ANB|ANC | (ANB)—(AnC)
1 1 1 0 0 1 1 1 1 1 0
1[1]0] 1 1 1[1]0] 1 0 1
T[o0]1] o 0 1[o0]1]| o0 1 0
1[o]o0] o 0 1[0]0] O 0 0
0|1 |1]| o0 0 0|1 |1] 0 0 0
0] 1]0] 1 0 0]1]0]| 0 0 0
0]0[1] o0 0 001 0 0 0
0]0][0] o0 0 000 0 0 0

Since the last columns of these membership tables are identical, these two sets are equal.

10. Consider the function f(x) = |z|

(a)

Suppose that the domain of this function is R and the co-domain is R. Find the range of f. Is f 1-17 Is f onto?
Justify your answers.

Recall that if > 0, then f(x) = z and if 2 < 0, then f(x) = —z. From this, we see that the range of f is
{z:z R,z >0}

Notice that f(1) = f(—1) =1, so f is not one-to-one.
Based on the range we found, we see that f is not onto. For example, there is no = that maps to —1.

Suppose that the domain of this function is N and the co-domain is N. Find the range of f. Is f 1-17 Is f onto?
Justify your answers.

If we change the domain and co-domain to N, then f has range {« : « € N} = N. Thus f is onto.

With the given domain and co-domain, f is also one-to-one, since on this domain, f(z) = z for all x € N.

Suppose S = {—2,—-1,0,1,2}. Find f(S) (the image of the set S under f). Find f~1(S) (the preimage of the set
S under f).

f(S) = {0,1,2}. However, since —2 and —1 are not legal images, f~1(S) is undefined.



11. For each of the following functions, determine whether f is a one-to-one. Also determine whether f is onto. Justify
your answers.

(a)

()

fR=R, flz)=2%—x

Notice that f(0) = f(1) = 0. Therefore, f is not one-to-

one. To see that f is onto, notice that f/(r) = 32% — éd)

so f'(z) > 0 whenever |z| > ? From this, we can de-

duce that f is increasing both on (0o, —1] and on [1, 00).

Also, note that lim f(x) = —oo and lim f(z) = cc.
T——00 Tr—00

Finally, since f(1) = 0 and f(—1) =0, f attains all pos-
itive values in R on the interval [1,00), and f attains all
negative values in R on the interval (—oo, —1]. Thus f
is onto.

f:RT = RY f(z) =2?

Notice that since we have restricted the domain to in-
clude only positive values, if f(a) = f(b), then a? = b?,
so a = b. Hence f is one-to-one.

Also, if we consider k € RY and let x = V& (which is
defined since k > 0). Then f(z) = (Vk)? = k.

fiZxXZ—7 f(m,n)=m?—-n

f is not one-to-one, since f(1,1) = f(—1,1) = f(0,0) =
0.

f is onto. To see this, let £k € N. Let m = 0, and
n = —k. Then f(m,n) =0— (k) = k.

f:ZXZ—Z f(m,n)=m?—n?

f is not one-to-one, since f(1,1) = f(—1,1) = f(0,0) =
0.

f is not onto. To see this, let k = 6. Now, the square
numbers are 0,1,4,9, 16, 25, 36, ...

If we subtract consecutive squares, as we proved on a
previous homework exercise, we get the odd numbers
1,3,5,7,9,11, - - -.

To obtain an even difference, we must subtract non-
consecutive squares. Notice that 4 —0=4,9 -1 =8,
and 16 — 4 = 12. Since our previous result shows that
the difference between perfect squares increases as their
size increases, we can see that there is no way of writing
6 as a difference of two perfect squares. Hence f is not
onto.

[Notice that we could prove that the difference between
two perfect squares is either odd or is a multiple of 4, but
that goes beyond what was asked for in this problem.]

12. Prove or Disprove: Suppose f: B — C and g : A — B. If f is one-to-one and g is onto, then f o g is one to one.

13.

14.

15.

This statement is false. For example, Let A = B = C = N consider f(n) =n and g(n) = [%].

2

f is the identity map, so f is one-to-one. g is onto since g(2n) = n for all n. However, notice that (f o g)(n) = g(n) for

all n. Therefore, f o g is not one-to-one, since (f o g)(1)

(fog)(2)=1.

Prove or Disprove: Suppose f: B — C and g: A — B. If f is one-to-one and g is onto, then f o g is onto.

This statement is false. For example, Let A = B = C = N consider f(n) = 2n and g(n) = n.

g is the identity map, so g is one-to-one. f is one-to-one since if f(a1) = f(az), then 2a; = 2aq, so a1 = ay. However,
notice that (f o g)(n) = 2n for all n. Therefore, f o g is not onto, since there is no input n such that (f o g)(n) = 1.

Find the first five terms of each of the following sequences (start with n = 1):

a, =3n—1 (b) b, = (—1)"n?
a; = 2, as = 5, as = 8, a4 = 11, b1 =
as = 14 b5 =-25

=2a,-1,a0=5

= ].O, ag = 20, as = 40, ay = 80,
= 160

a1

as
bs = 37+ 25 =62

—1, by =4, by = —9, by = 16,

by, =bp_1+n2 by =7

by =T7T+1=8,b, =8+4 =12,
by = 1249 = 21, by — 21 + 16 — 37,

()

Ch=mn

61:1021702:21:2703:32:
9,c4 =43 =64, c; =5* =625

(f) ¢n=cn14+ncp_2,c0=2,¢c1=3
c1 = 3, ¢ :3+2(2) =17 c3 =
74 3(3) = 16, ¢y = 16 + 4(7) = 44,
5 = 44 + 5(16) = 124

Find three different sequences beginning with the terms a; =1, as = 2 and a3 = 4.

There are many possible answers to this question. Here are some possibilities:

a, = 2

n—1

bn:bn—1+bn—2+1; b1:17 b2:2

Cn = 2671—1; 1 = 1



16. Determine whether or not each of the following is a solution to the recurrence relation a,, = 8a,—1 — 16a,_2
(a) ap = 0 (b) Ay = on
Notice that if a,, = 0 for all n, then 8a,,_1 — 16a,_2 = Notice that if a, = 2" for all n, then 8a,—1 — 16a,—2 =
-1 -2 -1 -2
8(0) — 16(0) = 0 = a,,, so this sequence is a solution to S8(2"71)—=16(2"7%) = 4-2.2"71 —4.4.2"7% = 4.27 —4.2" =

the given recurrence relation. 0 # ay, so this sequence is not a solution to the given
recurrence relation.

(¢) ap =n4d™ (d) an=2-4"+3n-47

Notice that if a, = n4" for all n, then 8a,_1 — Notice that if a, = 2 nil? + 3n - 4" foiju n, then
16,2 = 8((n—1)4""1) — 16((n—2)4"~2) = 2(4)4" (n— 857_151 —16a,2 = 8(%_421 +3(n Z_ll) -4~y —16((2 -
)= £40 20 —2) = 24— 1) -4 —2) = (0 I H A =8 A Bl
Rn—-1)—(n—-2)] =4"[2n—2—n+2] —4n.n—= 16 A"T2+3(n-2)] = 2. 4"243n-3] -

nd™, so this sequence is a solution to the given recurrence 4" [2 4 3n — 6] . 4" 2(3n N 1) =3n - 4] -
relation. 4™ (3n+2) = 24™ + 3n - 4™, so this sequence is a so-

lution to the given recurrence relation.

17. Find a recurrence relation satisfying each of the following:
(a) ap =3n—2 (b) a, =3" (c) an =n?

ap =0p-1+3; a1 =1 ap =30n_1+3;a9=1 Ap =0p-1+2n—1;a90=0

18. Find the solution to each of the following recurrence relations and initial conditions

(a) an =4ap_1, ap =1
Notice that a,, = 4a,,_1 and a,_1 = 4a,,_o. Therefore, a,, = 4(4a,_2) = 4%a,_».
Continuing in this fashion, a, = 4%a,,_o = 4%(4a,_3) = 43a,,_3 = - - - = 4"ay where ag = 1.
Hence this sequence has explicit form: a,, = 4.

(b) an=an_1+4,a0=4
Notice that a, = ap—1 +4 and a,—1 = an_2 + 4. Therefore, a, = (ap_2 +4) +4 = an_2 + 2(4).
Continuing in this fashion, a, = an—2 + 2(4) = (ap—3 +4) + 2(4) = ap—3 + 3(4) = - - - = ag + n(4) where a¢ = 4.
Hence this sequence has explicit form: a, = 4n + 4.

(¢) ap =an—1+n,a0=1
Notice that a, = an—1 +n and a,—1 = a—2 + (n — 1). Therefore, a,, = a,_o + (n — 1) + n.
Continuing in this fashion, a, = ap—3+(n—2)+ (n—1)+n="---=ag+ > ,_, k where ag = 1.

Hence a,, = 1 + 2221 E=1+ n(n2+1) — n2+2n+2

19. Compute the value of each of the following summations:

5 3 13
a) Y 2k=2+4+6+8+10=30 (b) » 3 =1+3+9+27=40 (¢) Y 5=11(5) =55
k=1 i=0 j=3

5
(d) 20 —2j=(4—4)+(8—6)+ (16 —8) + (32— 10) =0+ 2+ 8 + 22 = 32
j=2

3 2 3 3
(e) ZZ 2= 37 (i(0%) +i(12) +i(2%) = > 5i = 5(1) + 5(2) +5(3) = 30
i=175=0 i=1 i=1



20. Prove that n® — n is divisible by 5 for any non-negative integer n.
We will proceed by induction. Base Case: n = 0 Notice that 0° —0 = 0. Since 5-0 = 0, 0 is divisible by 5.

Induction Step: Suppose that k° — k is divisible by 5, and consider (k + 1)% — (k + 1).

Expanding this, (k+1)° — (k +1) = (k% + 5k* + 10k3 + 10k? + 5k + 1) — (k + 1) = k5 + 5k* + 10k> + 10k + (5k — k)
= 5k* + 10k3 + 10k? + 5k + (k® — k).

Since 5 divides k® — k, by the induction hypothesis, 5 divides every term of the previous expression.

This 5 divides (k4 1)° — (k + 1).

5

Hence n° — n is divisible by 5 for any non-negative integer n. O.

il 1

21. Prove that for r € R, r # 1 and for all integers n, Z =
r—1

Jj=0

L ntl_q —1
We will proceed by induction. Base Case: n = 0. Then Zrﬂ =r%=1. While ! T = ! 1= 1 (provided
r— r—

§=0
r#1).
k . T‘k+1 B 1 k+1 .
: . J— i J
Induction Step: Suppose that ZO rl = — and consider ZO rd.
j= j=

k+1 k rk"'l—l .
J — J k+1 _ k+1 _
Thenjgor _;T tr =1 +r o or—1 * r—1

,rk+1 -1 + ,,,k+2 _ ,,,kJrl ,rk+2 -1

r—1 r—1
22 Proethatforalln>2i1<2 L
. \ — - —
-7 k2 n
k=1
1 1 1 5 1 3
ill d by induction. B Case: n =2. Th =4 - =-<2—=-=—_.
We will proceed by induction. Base Case: n en,;lk?Q ] +4 1 < 5= 75
n 1 1 n+1 1
Induction Step: Suppose Z = <2-— -~ and consider Z =
k=1 k=1
n+1 n 9
1 1 1 1 1 n“+2n+1 n
— = -t ———<2——4+ ——— =2
kz_le I;k2+(n+l)2 n+(n—|—1)2 n(n +1)2 +n(n2+2n—|—1)
_ n2+n+1_ n?+n 1 _ o 1 1 <9 1
N nin+1)2 nn+1)2  n(n+1)2 n+1 n(n+1)2 n+1
Hence for all n > 2 zn:i<27l a
- 7k:1k2 n .

23. Prove that n! < n™ whenever n > 1.
Base Case: n = 2. Then 2! = 2 while 22 = 2. Then 2 < 4.
Induction Step: Suppose k! < k¥ and consider (k + 1)!

Lemma: If 0 < z <y, then 2™ < y" for all n.

Base Case: Whenn =1, z < y.

Inductive step: If ™ < y”, then z - 2" = 2" < 2 - y". Similarly, z - y" <y -y" = y" !

Hence z"t! <y, O.

Applying the Lemma, Since k < k + 1, k¥ < (k + 1)*. By the induction hypothesis, (k + 1)! = k!(k + 1) < k*(k + 1).
Thus (k+1)! < (k+1DFEk+1) = (k+ 1)k O



n
1
24. Prove that for all n, Z oD@k D) = 2n7:_ .

k=1
! 1 1 1 n 1 1
Base Case: n = 1. Th - — = whil 1
ase Lase: en;(%—1)(2k+1) WE) 3 " 1241 3
Induction St S i L n and consider Til L
n 10on N Se = —_— .
HEHIOR SEEPE SIPPOS 2 k — 1)@k +1) ~ 20+ 1 22 2k~ 1)(2k 1 1)
n+1
1 n 1 n(2n + 3) 1
ing the induction hypothesi - -
Using the induction hypothesis, k; Qk—D2k+1) 201 @ntD)@n+3)  @n+Dn+3)  @nt)(2n+3)
2n% +3n+1 2n+1)(n+1)  n+1 n+1

2n+1)(2n+3) (2n+1)(2n+3) 2n+3  2(n+1)+1



