Math 311

Exam 2 - Practice Problems

1. Given the relation R = {(1,1),(1,3), (1,4),(2,2), (3,1),(3,4),(4,1), (4,3)} on the set A = {1,2,3,4}:

(a)

(b)

(¢)

Determine whether or not R is reflexive. (d) Determine whether or not R is antisymmetric.
R is not reflexive since (4,4) ¢ R. Since their are several pairs of non-reflexive symmetric
elements in R, [for example, (1,3) and (3,1)] R is not
antisymmetric.

Determine whether or not R is irreflexive.

R is not irreflexive since (1,1) € R.

Determine whether or not R is symmetric (e) Determine whether or not R is transitive.

R is symmetric, since the reverse of every ordered pair R is not transitive. Notice that (4,1) and (1,4) are in
is an element of R. R, but (4,4) ¢ R.

2. Given the relation S = {(1,1),(1,3),(2,1),(2,2),(2,3),(3,3),(4,4)} on the set A ={1,2,3,4}:

(a)

(b)

(c)

Determine whether or not S is reflexive. S is not symmetric, since (1,3) € R and (3,1) ¢ S.

S is reflexive since (1,1), (2,2), (3,3) and (4,4) (d) Determine whether or not R is antisymmetric.
are all elements of S.

We see that for every non-reflexive element in S, its re-
Determine whether or not R is irreflexive. verse is not in S, so S is antisymmetric.

Since S is reflexive, it cannot be irreflexive, (e) Determine whether or not R is transitive.
since (a,a) € S for all a.

S is transitive. The only non-reflexive pair in S that
Determine whether or not R is symmetric. overlaps is (2,1) and (1,3), and we see that (2,3) € S.

3. Suppose that R and S are symmetric relations on a non-empty set A. Prove or disprove each of these statements:

(a)

R US is symmetric.

Let (a,b) € RUS. Then (a,b) € R or (a,b) € S.

If (a,b) € R, since R is symmetric, (b,a) € R, so (b,a) € RUS.

Similarly, if (a,b) € S, since S is symmetric, (b,a) € S, so (b,a) € RUS.

Therefore R U S is symmetric.

RN S is symmetric.

Let (a,b) € RN S.

Then (a,b) € R, so since R is symmetric, (b,a) € R. Similarly, (a,b) € S, so since S is symmetric, (b,a) € S.
Thus (b,a) € RN S. Therefore RN S is symmetric.

R — S is symmetric.

Let (a,b) € R—S.

Then (a,b) € R and (a,b) ¢ S. Since (a,b) € R, and R is symmetric, then (b,a) € R.

Suppose (b,a) € S. Since S is symmetric, then (a,b) € S. But we assumed that (a,b) ¢ S, so this is impossible.
That is, if (a,b) ¢ S, then (b,a) ¢ S.

Thus (b,a) € R — S, and hence R — S is symmetric.

R @ S is symmetric.

Recall that R® S = (R—5) U (S — R). From part (c) above, If R is symmetric and S is symmetric then R — S is
symmetric. By the same argument, S — R is symmetric.

Finally, by part (a) above, the union of two symmetric sets is symmetric. Thus (R—S)U(S—R)=R® S is
symmetric.

S o R is symmetric.

This statement is false. To see this, consider the example: R = {(1,2),(2,1)} and S = {(2,3),(3,2)}. Notice that
both R and S are symmetric. However, S o R = {(1,3)} [Recall that a pair (a,c) is in S o R if there is a b such
that (a,b) € R and (b, c) € S] Therefore, S o R is not symmetric.

4. Given the relation R = {(1,1),(1,3),(1,4),(2,2),(3,1),(3,4),(4,1),(4,3)} on the set A ={1,2,3,4}:



(a) Find the matrix representation Mg for this relation.

Mp =
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(b) Draw the graph representation of this relation I'g.

5. Given the relation S = {(1,1),(1,3),(2,1),(2,2),(2,3),(3,3),(4,4)} on the set A ={1,2,3,4}:
(a) Find the matrix representation Mg for this relation.

0
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(b) Draw the graph representation of this relation I's.

1 1 1 010
6. Let R; and Ry be given by the matrices | 0 1 0 | and | 1 0 1
01 1 01 0

(a) Determine whether or not Rj is reflexive, irreflexive, symmetric, antisymmetric, transitive.
Since R; has 1s along the main diagonal, R; is reflexive and so R is not irreflexive.

R, is not symmetric since the matrix is not symmetric. In fact, R; is antisymmetric since every non-diagonal
symmetric pair consists of a 1 and a 0

R; is transitive [the only non-reflexive overlapping pair is (1,3) and (3,2), and (1,2) € R4]
(b) Determine whether or not Ry is reflexive, irreflexive, symmetric, antisymmetric, transitive.

Since Ry has 0s along the main diagonal, R; is irreflexive and so R is not reflexive.

Rs is symmetric since the matrix is symmetric, hence Rs is not antisymmetric.

Ry is not transitive [(1,2) € Ry and (2,1) € Ry, but (2,2) ¢ Ro]



(c) Find the matrices representing Ry, R1 U Ry, R1 N Ry, Ry ® Ry, and Ry o Ry
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(d) Draw the graphs representing Ry and Rs.
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7. Given the graphs representing the relations S; and So:

(a) Determine whether or not R; is reflexive, irreflexive, symmetric, antisymmetric, transitive.

3

3

From the graph, we see that S; is reflexive (there are loops at each vertex) , antisymmetric (none of the non-loop

edges have opposite edges present) , and transitive (there is only one non-trivial edge to check).

(b) Determine whether or not Ry is reflexive, irreflexive, symmetric, antisymmetric, transitive.

From the graph, we see that Sy is irreflexive (none of the vertices have loop edges), symmetric (each non-loop edge
has on opposite), and not transitive (note that since we have symmetric pairs of edges, we would need loop edges

to be present for this relation to be transitive. For example, (1,2) € R and (2,1) € R but (1,1) ¢ R).

(c) Draw the graph representing So, S1 U So, S1 NSy, So — S1, and Sy 0 S)

r
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r
Sns,



(d) Find the matrix representing Sj.

Mg, =

1
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(e) List the ordered pairs in So.
Sy = {(1, 2)? (2, 1)) (273)7 (3, 2): (173)a (3a 1)}

8. Determine whether or not the following binary relations are equivalence relations. Be sure to justify your answers.
(a) {(0,0),(0,3),(0,4),(1,1),(1,2),(2,1),(2,2),(3,0),(3,3),(3,4),(4,0), (4,3), (4.4)} on the set A={0,1,2,3,4}

First notice that this relation is reflexive, since (0,0), (1, 1),(2,2),(3,3),(4,4) € R.

Next, one can also see that this relation is symmetric, since the reverse of every non-reflexive element is present.
Finally, one can verify that this relation is also transitive by checking all overlapping pairs.

Thus this relation is an equivalence relation.

(b) {(a,a),(a;b), (b, a), (b,0), (b, d), (¢, ¢),(d; b), (d,d)} A={a,b,c,d}

First notice that this relation is reflexive, since (a,a), (b,b), (¢, c), (d,d) € R.

Next, one can also see that this relation is symmetric, since the reverse of every non-reflexive element is present.
However, this relation is not transitive, since (a,b) and (b, d) are in R but (a,d) ¢ R.

Thus this relation is not an equivalence relation.

(¢) {(z,y)| y is a biological parent of z} on the set of all people.

This relation is not reflexive, since a person is not a parent of themselves.

It is also not symmetric, since if a is a parent of b, then b is not a parent of b
Finally, transitivity also fails, since grandparents are not parents.

Thus this relation is not an equivalence relation.

(d) {(z,y) e Nx N|lem(z,y) = 10}

Notice that this relation is given by {(1,10),(2,5), (2, 10), (5,2), (5,10), (10, 1), (10, 2), (10, 5), (10,10)}

) (
This relation is symmetric, but it is not reflexive since (2,2) ¢ R, and it is not transitive since (5,10),(10,1) € R

but (5,1) ¢ R
Thus this relation is not an equivalence relation.

(e) {(z,y) eERxR|y=2%+1}

This relation is not reflexive since (—1,—1) ¢ R.
This relation is also not symmetric since (2,5) € R, but (5,2) ¢ R.
This relation is not transitive since (1,2),(2,5) € R, but (1,5) ¢ R
Thus this relation is not an equivalence relation.

(f) for each of (a)-(e) that are equivalence relations, find the equivalence classes for the relation.

Notice that (a) is the only equivalence relation. It equivalence classes are [0]g = {0, 3,4} and [1]g = {1, 2}.

9. Define a relation R on R? by {((x1,%1), (r2,%2)) | (23 +¥?) = (23 + y3)}
(a) Show that R is an equivalence relation.

First notice that this relation is reflexive, since for every ordered pair (z1,1), (22 +3?) = (22 + y?).

Next, one can also see that this relation is symmetric, since if (2% + y?) = (23 + y3) then (23 + y32) = (22 + 2)
Finally, one can verify that this relation is also transitive by observing that if (23 +y?) = (23 +y3) and (23 +y3) =
(23 +¥3), then (z% +y) = (25 + y3)-

Thus this relation is an equivalence relation.



(b) Describe the equivalence classes of R.
Suppose (23 + y?) = 72 for some r € R. then [(z1,11)]r = {(zs,y:) | (2? + y2) = r?}.
That is, equivalence classes are sets of points that lie on the same circle centered about the origin.
10. Given that A = {0,1,2,3,4}
(a) Find the smallest equivalence relation on A containing the ordered pairs {(1,1), (1,2),(3,4), (4,0)}

The smallest equivalence relation containing the given points is:
{(0,0),(0,3),(0,4),(1,1),(1,2),(2,1),(2,2),(3,0),(3,3), (3,4), (4,0), (4,3), (4,4)}

(b) Draw the graph of the equivalence relation for found in part (a).

0

(c) List the equivalence classes of the relation for found in (a).
The equivalence classes are: [0]gr = {0, 3,4} and [1]g = {1,2}.

11. For each of the following collections of subsets of A = {1, 2,3, 4,5}, determine whether of not the collection is a partition.
If it is, list the ordered pairs in the equivalence relation determined by the partition.

(a) {{1,2},{3,4},{5}}
This collection of subsets is a partition. Notice that the sets are disjoint and that their union is all of A.

The ordered pairs in the equivalence relation generated by this partition are:
{(1,1),(1,2),(2,1),(2,2),(3,3),(3,4),(4,3), (4,5),(5,5)}

(b) {{1,2,4},{3}.{5}}
This collection of subsets is a partition. Notice that the sets are disjoint and that their union is all of A.

The ordered pairs in the equivalence relation generated by this partition are:
{(1,1),(1,2),(1,4),(2,1),(2,2),(2,4),(4,1), (4,2), (4,4)(3,3), (5,5)}

(c) {{1,2,3,4},{5}}
This collection of subsets is a partition. Notice that the sets are disjoint and that their union is all of A.

The ordered pairs in the equivalence relation generated by this partition are:
{(17 1)7 (17 2)7 (1’ 3)7 (17 4)7 (2’ ]‘)7 (27 2)7 (27 3)7 (27 4)7 (37 1)’ (37 2)7 (37 3)7 (37 4)7 (47 1)7 (4’ 2)7 (47 3)’ (47 4)7 (5’ 5)}

(d) {{1,2}, {3}, {5}}

This collection of subsets is not a partition. The sets are disjoint but their union is missing 4.

(e) {{1,2},{2,3,4},{5}}

This collection of subsets is a not partition. Notice that the sets are not disjoint since two of the sets contain 2.



12. Determine whether or not the following binary relations are partial orders. Be sure to justify your answers.
(a) {(0,0),(0,1),(0,2),(0,3),(0,4),(1,1),(1,2),(1,3),(1,4),(2,2),(2,4),(3,3),(3,4),(4,4)} on theset A = {0,1,2,3,4}

Notice that this relation is reflexive, since it contains all reflexive pairs.

This relation is also antisymmetric, since there are no reverses of non-reflexive elements present in the relation.
Finally, this relation is transitive [check all overlapping pairs].

Thus this is a partial order.

(b) {(a,a),(a,d),(b,b),(b,d), (c,c),(c,d),(d,d)} on the set A = {a,b,c,d}

Notice that this relation is reflexive, since it contains all reflexive pairs.

This relation is also antisymmetric, since there are no reverses of non-reflexive elements present in the relation.
Finally, this relation is transitive [in fact, the only overlapping pairs each involve a reflexive pair].

Thus this is a partial order.

(¢) {(z,y)| y is a biological parent of x}

This relation is not reflexive since a person is not their own parent, so it is not a partial order.
(d) {(z,y) eRxR|y=2%+1}
This relation is not reflexive since (—1,—1) ¢ R, so it is not a partial order.

(e) for each of (a)-(d) that are posets, draw the Hasse diagram for the poset (for those that are defined on infinite
sets, only draw a finite subpart of the diagram).

0

N
w

13. Indicate which element is greater for each given pair using the standard lexicographic ordering.
(a) (2,7) and (3,4)
(2,7) < (3,4) since 2 < 3.
(b) (2,7,4,9) and (2,4,7,9)
(2,4,7,9) < (2,7,4,9) since 2=2and 4 < 7.
(¢) (a,c,e,d) and (i,c,e,d)
(a,c,e,d) < (i,¢,e,d) since a < i.
(d) (b,a,n,d,a,n,a) and (b,a,n,a,n,a,s)

(b,a,n,a,n,a,s) < (b,a,n,d,a,n,a) since b=>, a =a,n=n, and a < d.



14. Draw the Hasse Diagram for the poset (P({1,2,3}),2)

)
{1 }é { (3}
{12} ‘ (23}

{123}

15. Draw the Hasse Diagram for the poset (P({0,1,2,3}), Q)

16. Given the poset ({1,2,3,5,6,7, 10,20, 30,60, 70}, |)

(a) Draw the Hasse Diagram for this poset.

30 20 (e)
»"

1

(b) Find the maximal elements.
60, 70

(¢) Find the minimal elements.

1
(i)
(d) Find the greatest element or explain why there is no
greatest element.

There is no greatest element, since there are two max-
imal elements.

Find the least element or explain why there is no least
element.

1 is the least element

Find all upper bounds of {2,5}

10, 20, 30, 60, 70

Find the least upper bound of {2,5} (if it exists).

10 is the least upper bound.

Find all lower bounds of {6, 10}

2,1

)

Find the greatest lower bound of {6, 10} (if it exists).

2 is the greatest lower bound.



17.

18.

Determine whether of not each of the following graphs is planar. If a graph is planar, exhibit a planar drawing of the
graph and verify that Euler’s formula holds for this representation of the graph. If a graph is not planar, provide an
argument that proves that the graph cannot be planar.

I . B .
s | , L .
I . i .
I, .

I, 3

Graphs 1-3 are planar, as shown by the diagram above.

For 'y, v="7,e=29, and r = 4, which satisfies r = e — v + 2, since 9 — 7+ 2 = 4.
For I'y, v =17, e =11, and r = 6, which satisfies r = e — v + 2, since 11 — 7+ 2 = 6.
For I's, v =17, e = 12, and r = 7, which satisfies r = e — v + 2, since 12 - 7+2=7.

I'y is not planar. For I'y, v = 7, e = 15, so unfortunately, Corollary 1 will not help us here. Also, notice that there is a
vertex of degree 4, and there are triangles in the graph, so Corollary 2 and Corollary 3 are also of no help. However, a
careful examination of the graph shows that it contains K5 as a subgraph, and hence cannot be planar.

For each description given, either draw a planar graph that meets the description or prove that no planar graph can
meet the description given.

(a) A simple graph with 5 vertices and 8 edges.

(b) A simple graph with 6 vertices and 13 edges.

Recall that Corollary 1 to Euler’s Formula states that if I' is a connected planar simple graph with e edges and v
vertices with v > 3, then e < 3v — 6.

Here, v =6 and e = 13, so 3v — 6 = 18 — 6 = 12, so there is no planar graph satisfying this description.



(¢) A simple bipartite graph with 7 vertices and 10 edges.

(d) A simple bipartite graph with 7 vertices and 11 edges.

Recall that bipartite graphs have no odd length cycles, and Corollary 3 to Euler’s Formula states that if ' is a
connected planar simple graph with e edges and v vertices with v > 3 and no 3-cycles, then e < 2v — 4.

Here, v =7 and e = 11, so 2v — 4 = 14 — 4 = 10, so there is no planar graph satisfying this description.

19. Find the value of the following Boolean expressions:

(a) 1-(1+0)+0(1+0)
=1-1+1(141)=1-0+1(1)=0+1=1
(b) [T+ (0-1)]+[0+0-1]

=0+(1-D]+1+1-1]=0+1+[1+1]=1+1=0+1=1

20. Build a value table for the following Boolean functions:

(a) F(z,y) =z +Ty

z|ly|ZT |2y | x+7TY
0|01 0 0
01111 1 1
11070] 0 1
1[11]0 0 1

(b) F(z,y,2) =zyz +y(T +7%)
zlylz|lay|zyz |T|Z|T+Z | yT+2) | zyz+y(T+32)
010]0]| O 0 1|1 1 0 0
0j]0]1] 0 0 110 1 0 0
Ol1]0| O 0 1|1 1 1 1
0j1]1] 0 0 110 1 1 1
1]1010] 0 0 01 1 0 0
1(0(1| 0 0 01]0 0 0 0
11110 1 0 011 1 1 1
111 1 1 01]0 0 0 1

21. Use value tables to determine whether of not the following pairs of Boolean Expressions are equivalent:

(a) T+ 7y and Ty

Ty |T|Y|TH+Y |2y | TY
0j]0|1]|1 1 0 1
0Oj(111/0 1 0 1
11001 1 0 1
1{1]01]0 0 1 0




Since the columns in the table above corresponding to the given expressions are identical, these Boolean expressions
are equivalent.

(b) Tygz and T+7+Z

r|lyl|lz |2y |2yz |2Yyz | T | Y | Z2 | T4+Y | T+Y+2Z
0j0|0| O 0 1 11171 1 1
0jo|1| o0 0 1 1110 1 1
0Oj1{0| O 0 1 11011 1 1
01|10 0 1 11010 1 1
17010] 0 0 1 011 1 1
17011]0 0 1 01110 1 1
17110 1 0 1 0|0]1 0 1
1{1]1]1 1 0 0010 0 0

Since the columns in the table above corresponding to the given expressions are identical, these Boolean expressions
are equivalent.

22. Use a 2-column proof to prove each of the following:

(a) (zyz) + (yz) = yz

Statement | Reason

1. zyz +yz | Given

2. yzx +yz | Commutative Law
3. yz(x + 1) | Distributive Law
4. yz(1) Domination Law
5. Yz Identity Law

(b) (@+2) - G+2)=ET+y)z

Statement Reason
l.(x+2)-(T+2) | Given

2. (x+2)+ (g+2) | De Morgan’s Law
3. TZz+yz De Morgan’s Law
4. Zz+7zy Commutative Law
5. Z2(T +y) Distributive Law
6. (T+y)z Commutative Law

23. Given the following value table:

|y |z| Flxyz) | Gayz) | H=y=2)
0/0[0 0 1 0
001 0 0 1
010 1 0 1
011 0 1 0
100 1 0 1
101 0 1 0
1[1]0 0 0 0
1[1]1 0 0 1

—
&
~—

Find the sum of products expansion for F(z,y, z)

F(z,y,z) =Tyz + 27z

(b) Find the sum of products expansion for G(z,y, z)
G(z,y,2) = TYz + Tyz + 27z

(¢) Find the sum of products expansion for H(zx,y, 2)

H(z,y,2) = Tyz + TyZ + Y% + zyz



24. Find the sum of products expansion for each of the following Boolean Functions:
(a) F(z,y,z) =z +y+az

Fla,y,z) =z +y+az=a@y+y)(z+2)+ @+ 7)Yz +2) + 2y + )z
=lzyz+2yz+oyz + 2z + 2Pz + 2YZ + TY2 + TYZ] + [2yZ + 27 Z]
=TYZ + Yz + Yz +TYZ +TYz + Y%

(b) Flz,y,2) = (z+7)z+ 2y +2)

Fz,y,2) = (¢ +9)z+2(f+2)=xz+Yz+ay+rz=22+7yz + 2y
=2y +7)z + (2 +T)yz +ay(z +2)
= [vyz + 27z] + [272 + TYz] + [272 + 27 Z]
=Yz + Yz +TrYz +ITYZ2

(c) Flz,y,2) =2y +Ty+7
F(z,y,z) =y +Ty+y=ay(z +2) + Ty(z + 2) + (= + T)y(z + 2)
= [zyz + 2yZ] + [Tyz + TyzZ| + [2Yz + TYz + 2YZ + TY Z|
=TYZ +TYZ + TYz +TYZ + TYZ +TYZz +TYZ +TYZ2

(d) F(w,z,y,2) = (z +y)(z + W)
Fw,2,5,2) = (¢ +9)(z +B) = 27 + g2 + T + By = (+ W)(y + )2 + (0 + )@+ Tyz + Baly + )z +7) +
w(x +T)y(z + Z2)
= [wayz + Wryz + wryz + wayz] + (wryz + Wayz + wTyz + WTyz] + [Weryz + Wryz + wayz + way z| + [wryz +
WTyz + WYz + WITYZ)

= WIYZ + WrYyz + wryz + wryz + wryz + wryz + wryz + wryz + wryz

25. Find the sum of products expansion of a Boolean function F(s,t, z,y, z) that has value 1 if and only if an even number
of the variables have value 1.

F(s,t,x,y,2) = StTYZ + stayz + st TYZ + st TYz + StaY Z + StTYZ + ST Yz + Stawyz + Stayz + St Tyz + stayz + stayz +
stTyz + stryz + stryz
26. Given F(z,y,2) =x(g+ 2)
(a) Express F(z,y,z) as a Boolean expression using only the operations - and .

Recall that v + v = (7).

Then F(z,y,2) = 2(y + 2) = 2(yz)

(b) Express F(x,y,z) as a Boolean expression using only the operations + and .

Recall that uv = (@ + 7).

Then F(z,y,2) =z(f+z2)=ay+2z=(T+y)+ (T+32)
(c) Express F(z,vy,z) as a Boolean expression using only the operation |.

Recall that T = z|z and zy = (z|y) | (x]y)

Then F(z,y,2) = 2(y + 2) = x(yz) = z(y(2|2)) = z[(y/(2]2)) | (y/(2]2))]
= 2 {[(wl(z2) | (y[Cz[2)] | [(yl(z]2)) | (y](z]2))]}

- { [ [ 111D 1 I 1) |11

[ [ 111D 1 @I 1) |6l :12)1] }



(d) Express F(z,y,z) as a Boolean expression using only the operation |.

Recall that Z =2 | z and ay = (x | ) | (y L v)

Then F(z,y,2) = #(f + 2) = 2(y2) = 2(y(z | 2))
=z[lyly) [ ((z12) L (2] 2))]

—a {4 [(ELa4EL)] | [win (L L))

Let Q= {[Wwiv) [ (424 L] | (w42 L)}

Then we have:

Fle,y,2) = (e l2) | {Q]Q]

27. Using only the abstract definition of a Boolean Algebra, prove the following:

(a) Prove that the law of the double complement holds. That it, that T = x for every element .

Statement Reason

()= Given

(2)z A1 Identity Law
B)TA(TVa) Complement Law
(4) (xAT)V (T Ax) | Distributive Law
(5) TAT) VO Complement Law
(6)TATV (xAT) Complement Law
(M) zV (TAT) Distributive Law
(8) zv 0 Complement Law
(9) x Identity Law

(b) Prove that De Morgan’s Laws hold. That is, that for all z,y, that tVy =T Agandz Ay=ZT V7Y
This problem is quite challenging — I will give extra credit if you complete this problem. It is due next Monday.

Here is a bonus proof so you can see another example: Prove the idempotent Law = = x A z.

Statement Reason

(1) x Given

(2) zA1 Identity Law
3)zA(zVT) Complement Law
(4) (x Ax) V (z AT) | Distributive Law
(5) (xAz)VO Complement Law
(6) x Ax Identity Law




