Cubic Splines

Definition: Suppose f(x) is a function defined on [a,b]. Giverl points
a=xy <X <..<Xx _,;<X=b,
acubic splineinterpolate Sfor f(x) is a function that satisfies the followirgnditions:

(1) S(x) is a piecewise defined cubic polynomiathv@(x) =§(x), a cubic polynomial, on the interval
[% % 1 1] foreactj =0, 1,...,n.

(2)S(x]-) :f(xj) for each) =0, 1,...,n.

(3 +1(X+1) (% +1) foreach =0, 1,...n—2.

(S +1(%+1) =Sj(%+1) foreach =0,1,..n—2.

(5)S"j +1(%+1) =S"j(>ﬁ +1) foreachj=0,1,...,.n—2.

(6) One of the following two boundary conditionddio
() The "Natural” or "free” boundary conditi@"' (x,) =S" (X,) =0.
f

(b) The "Clamped” boundary conditi®(x,) =f'(x;)andS'(x,) =f'(x,).

A spline satisfying 1-5 and 6a is calledaural spline.
A spline satisfying 1-5 and 6b is calledlamped spline.

Example: Suppose we have thiat0) =2,f (1) =4, andf (3) =5.

The defintion of a cubic spline give the followiaguations:

(1) LetSy(x) =2 + bgx + ¢ + dyX’ andS;(x) =4 + by(x — 1) + ¢, (x— 1)> +dy(x — 1)°.

(2)S(0) =S,(0) =f(0) =2,5(1) =S;(1) =f(1) =4, andS(3) =f(3) =5.

(B)S(1) =4=S/(1) =2 + by+ ¢, +dy;andS(3) =5 =5,(3) =4 + 2b; +4c, +8d.,.

(4) First notice thaB'y(x) =b, + 2 cx + 3dp¢ andS';(x) =b; + 2¢;(x —1) +3dy(x — 1)
TherS'(1) =S, (1) =by+2¢y+3dy=b; =S,'(1)

(5) Notice thag,"(x) =2¢,+6d)xandS"(x) =2¢; +6d;(x—1).
TherS'(1) =§,"(1) =2¢,+6d,=2¢,=S,"(1).

(6) We will look at both possible boundary condischere, but when finding S(x), we need to choose

exactly one condition.
(@ 0=5"(0) =§"(0) =2¢cyand 0 =5"(3) =S§,"(3) =2¢; +12d,.
(b) To apply the clamped boundary conditiaastually need two additional values: suppose
f'(0) =1 andf'(3) =-1.
Then1 £'(0) =S'(0) =S'(0) =byand-1=f'(3) =S(3) =S,'(3) =b, + 4 ¢, + 12d..
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To find the free spline, we gather the equatioomfabove into the following system:

4—|—2b1+4cl—|—8d1=5;
2+b0+co+d0=4;
by+2c,+3dy=b;;
2¢,+6d,=2c;

2¢, =0

2¢,+12d,=0



From the last equation, we see that 0. Using this and a little algebra, this simpbfiae system to
give:

2b,+4c,+8d; =1,

by +dy=2;

by+3d,—Db;=0;

3d,- ¢, =0;

¢, +6d,=0;

Notice that this is a system of 5 equations in knarvns. Solving this system using it matrix formes

10000 9
00 2 4 81 |00 2 481 01000_411
11 0 0 02 11 0 002
13-10 00|=113-1 000 reduced row echelon form 00100 g
03 0 -100 03 0-1200 3
000 160 |00 0 1860 00010--,
1
1 il
00O00O 8
_ _ _ 1 _ 3 3 1
Thus we have,= —, c;=0,d, —Z,bl—E,cl——Z,dl—g.
Thus%=x—>—zx3+%x+2:x—>—ix3+Zx+2and
o 3. 1v_3 .y 42, 1,8, 5 3 3 .2, 1 .3
Sl-—x—>4—|—2(x 1) 4(x 1)+8(x 1) x—>2—|—2x 4(x 1)+8(x 1)

Notice§,(0) =2, §,(1) =4, S;(1) =4, §/(3) =5 (we could also verify the derivative conditions)

For the clamped spline, we have:

2b,+4c,+8d; =1,
2+ by+cy+dy=4,
by+2c,+3dy=b;;
2¢y+6dy=2c¢;
by=1

b, +4c +12d,=-1

Which simplifies to give:

2b,+4c,+8d; =1,
Ct+dy=1;
2¢y+3dy—b;=-1;



G +3dy—¢;=0;
b, +4c, +12d,=-1

Again putting this into matrix form, we have:

23
10000 12
00 2 4 00 2 4 8 1 01000_%
11 0 O 1 11 0 0 O 1
23 -1 0 B =123 -1 0 0 -1 reduced row echelon form 00100 %
13 0 -1 0 O 13 0-1 0 O 5
001 4 12-1] |00 1 412-1 00010 -4
1
1_
00O00O 18
Then we have:
oy, 11 .3 23 ., 11 3, 23
S =X 12x—i—12><2-|—x—i—2 X— 12x—i—12><2—|—x—|—2and
o 2 . _5._ 42, 1 0 .s_, 23 25 5 .2, 1
S = x—4+ 12(x 1) 6(x 1)+48(x 1) —x—>12+12x 6(x 1)+48 (X

_ 1)3
$(0) =2, §(1) =4, S/(1) =4, S/(3) =5 (we could also verify the derivative conditions)



