Math 450
Section 3.4: Hermite Interpolation

Main Idea: The Lagrange interpolating polynomial, P, (x), has been defined so that the polynomial agrees with
the original function f(x) at n + 1 distinct input values xg,x1, - ,x,. On the other hand, Taylor polynomials
approximate a function using a single center point at which we know the value of the function and the value of
several derivatives. Our goal is to generalize both the Lagrange polynomial and the Taylor polynomial by forming
an interpolating polynomial that agrees with the function both at several distinct points and at a given number
of derivatives of the function at those distinct points. A polynomial that satisfies these conditions is called an
osculating polynomial.

Definition: Assume zg,z1, -+, 2, € [a,b] are n + 1 distinct numbers. Also, assume mg, my,- - ,m, are non-
negative integers where each integer, m;, corresponds with z;. Further assume f € C™[a, b] where m = maxz{m, :
0 < i < n}. The osculating polynomial that approximates f is the polynomial P(x) of least degree such that

dk;;(:i) = dké;(,f") for eachi=0,1,---nand k=0,1,---,m;. That is:

f(@o) = P(xo), f'(x0) = P'(x0), f"(z0) = P"(x0), - f"0) (o) = P (xp),

flar) = P(x1), f'(x1) = P'(a1), f"(z0) = P"(x1), -~ f0") (1) = PO (a1),

f(xn) = P(zn), ['(zn) = P'(zn), [ (2n) = P"(zn),- - f(m")(xn) = P(m")(xn)-

Note: When there is a single point, xg, the osculating polynomial approximating f is the Taylor polynomial of
moth degree.

Definition: The osculating polynomial of f formed when my = my = --- = m, = 1 is called the Hermite
polynomial.

Note: The graph of the Hermite polynomial of f agrees with f at n + 1 distinct points and has the same tangent
lines as f at those n + 1 distinct points.

Recall: The Lagrange coefficient polynomial is defined by:

( —20) (v — 2p1)(¥ — Tpy1) -~ (T — )

L = (e —x0) - (@ — Tp—1) (T — Tpgr) - -+ (Th — 2p)

)

s )= 3 1571

Theorem: Assume f € Clla,b] and xg, 1, -, 2, € [,b] are distinct points. Then the unique polynomial of
degree less than or equal to 2n + 1 is given by:

Hapi1(2) =Y flaj)Hp (@) + D f'(x5) Hn ()
j=0 J=0
where

Hpj(x) = [1 = 2(x — a5) Ly, j(x)] L7 (@)
and

~

Hyj(x) = (2 — j) L, ()



Example: Suppose that f(0) =2, f/(0) =1, f(1) =4, f'(1) = =1, f(3) =5, f'(3) = —2.
Find the Hermite interpolating polynomial and use it to approximate the value of f(2).

Solution:

Lyo(z) = %:Bg:g; = zl,)xZ — 3:): + 1. Therefore, L} o(z) = 2r— 3.
Lyi(z) = % = —222 + 32. Therefore, Lyy(v) = —x + 3
Lyo(z) = ((5:835?36:11)) = 22 — lx. Therefore, Lyo(x) = tr— 1.

[\

Hao() = [1 = 2(x = 0) (3(0) - 3)] [32° — §o +1)° = (1 + §o) [3o2 — Jo +1]°
Hpi(@) = [1 =2 — 1) (=14 §)] [-32? + §2]” = (2 — 2) [-§a® + §o]
) ( o

) (422 - dal” = (6~ 32 [3* ~ §o1°

Hs(z) =2(1+ %x) [%w2 — %x + 1]2 +4(2—x) [—%xQ + %x]Q +5(6— %x) [%3:2 - %:p]Q + 1(x) [é:cQ — 31' + 1}
Lz —1)[-32? + %az]Q —2(z —3) [32? — %x]2

Hs(z) = —gac + E:LA x3 + %:):2 +r+2

Using this, f(2) ~ H5(2) = £

Note: We also could have used a divided difference table incorporating repeated values and derivatives to find
this polynomial:



