Math 311 - Introduction to Proof and Abstract Mathematics
Group Assignment # 14 Name:
Due: At the end of class on Tuesday, October 16th

Arbitrary Unions and Intersections:

1. Consider arbitrary sets A, B, and C.

(a) In your own words, explain why AU (BUC) = (AUB)UC and why AN(BNC)=(AnB)NC

Note that as a consequence of the two exercises above, we can write AU(BUC) = (AUB)UC = AUBUC. Similarly,
we write AN(BNC)=(ANB)NC = AN BNC. The next definition extends this idea to any finite number of
intersections or unions.

Definition 4.3.1: Let n € Z™ and let Ay, Asy,--- , A, be sets. Then

UAi:A1UA2U~~UAn:{x€Z/I| there exists ¢ € ZT with 1 < < n such that = € A;}.
i=1

n
ﬂAi:AlﬂAgﬂ---ﬂAn:{xeM| for all i € ZT with 1 <i < n, z € A;}.
i=1

2. For each of the following collections of subsets of R, find U A; and ﬂ A; for the given n-value.
i=1 i=1

(a) A; ={0,1,2,3,---i} given that n =5 (b) A; =[0,4] given that n =5



(c) 4,=10,1,2,3,---i} given that n = N (d) A; =10,4] given that n = N

Theorem 4.3.2 Let n € Z*. then for all sets A, By, By,--- , B,

e AU(BINByN---NB,)=(AUB)N(AUBy)N---N(AUB,).
e AN(BiUByU---UB,)=(ANB)U(ANB)U---U(ANB,).
e BiUB,U---UB, =B NB,N---NB,.
e BiNByN---NB, =B UByU---UB,.

Proof: We will prove the first part (using proof by induction). The second part is proved in your textbook. The
remaining parts are presentation problems.

Base Case: For n = 1, we see that AU By = AU By, so the statement is true when n = 1.

Inductive Step: Suppose that the statement holds for all collections of sets of size m for some m > 1. That is, suppose
that for any collection of sets C, Dy, Da, - - - D,,, we have CU(D1NDyN---ND,) = (CUD)N(CUD2)N---N(CUD,).

Given a collection of sets A, By, Ba, -+ , By, Bit1, consider AU (B; N By N---N By, N Byyy1). Notice that AU (B N
BonN:---NByNBpy1) =AU(BiNByN---NBp)NBpy1) =AU (B1NBaN---NB,,) N (AU By,41) [by Theorem
4.2.6).

By the induction hypothesis, with C = A and D; = B;, we have AU(B1NBsN---NB,,) = (AUB;)N(AUB3)N- - -N(AUB,).
Hence AU(B1NBaN---NBpNBpt1) = (AUB)N(AUB2)N---N(AUB,)) N (AU By,41), which verifies the m + 1

case.
Therefore, AU(BiNByN---NB,)=(AUB;)N(AUBy)N---N(AUB,). O.

The next definition extends thus idea to an infinite collection of sets (a collection indexed — that is, put in 1-1 corre-
spondence through labeling — by the positive integers.

Definition 4.3.3: Given sets A;, i € Z™, with underlying universal set U,

(o)
U A; = {x € U] there exists i € ZT such that = € A;}.
i=1

ﬂAi:{xELH for alli € ZT, x € A;}.
i=1



(oo} [ee]
3. For each of the following indexed collections of subsets of R, A; for i € Z™, find U A; and ﬂ A;.

i=1 i=1

(a) A; ={0,1,2,3,---i} (b) A; = [0,14) (c) A; = 10,3

71

Definition 4.3.6: Let I be a non-empty set and let Given sets {A;, | € I} be an indexed family of sets, relative to
some universal set /. Then

e For each j € I, ﬂAi C Aj.
i=I

e Foreach jel, A; C LJA7
=1
e BU(JA4i=[)(BUA)
i=I =1
e Bn|JAi = J(BnA)
i=I =1
L4 U A= ﬂE
i=1 =1
L4 A= UE
=1 =1

4. Explain, in your own words, why the first two parts of the Theorem above make sense.



5. Presentation Problems: Let A, B, and C be arbitrary sets.

(a) Prove Proposition 4.2.12

(b) Prove A—(A—B)=ANB

(c¢) Prove (A—B)U(B—A)=(AUB)-(ANDB)

(d) Prove Ax (BNC)=(AxB)N(AxC)

(e) Prove or Disprove: If AC BUC then AC Bor ACC.

(f) Prove or Disprove: If AC BN C then AC Band ACC.

(g) Prove or Disprove: If A— C C B — C then A C B.

(h) Prove or Disprove: P(AU B) = P(A) UP(B).

(i) Prove or Disprove: P(AN B) = P(A)NP(B).

(j) Express the set {1} as the intersection of a collection of distinct, non-empty intervals in R indexed by Z*.



