Math 487
Exam 3 - Practice Problem Solutions

1. Consider the following functions:

e f:R—=R, f(x)
e f:R—-R, f(z)
« [iRSR, f(2)
o g:R%2 = R? g(x,

e g:R* =5 R2 g(z,y) = (23,y)

5 e g:R? - R2 g(x,y) = (5z,2y)

(z,y%) e g:R? = R? g(x,y) = (—z,—y)

x?
2z
T —
y) =

(a) Which of these mappings are transformations? Justify your answer.

e Consider f(x) = 2% +x. Since f(0) =0 and f(—1) = 1—1 =0, f is not 1-1 and hence is not a transformation.
e Consider f(z) = 2x. First suppose f(a) = f(b). Then 2a = 2b, so a = b hence f is 1-1.

Next, let r € R. Let a = §. Then f(a) =2-§ = r. Hence f is also onto, hence f is a transformation.
e Cousider f(z) = — 3. First suppose f(a) = f(b). Then a —3 =b— 3, so a = b hence f is 1-1.

Next, let € R. Let a = r+3. Then f(a) = (r+3)—3 = r. Hence f is also onto, hence f is a transformation.

e Consider g(z,y) = (x,3?). Notice that g(0,1) = (0,1) and g(0, —1) = (0, 1). Therefore, g is not 1-1 and hence
is not a transformation.

e Consider g(x,y) = (23,y). First suppose g((a,b)) = g((¢,d)). Then a® = ¢, so a = ¢ and b = d. hence g is

1-1.

Next, let (r,s) € R. Let a = ¢/r and b = s. Then g((a,b)) = (r,s). Hence g is also onto, hence g is a
transformation.

e Consider g(z,y) = (5z,2y). First suppose g((a,b)) = g((c,d)). Then 5a = 5¢, so a = ¢ and 2b = 2d, so b = d.
hence g is 1-1.

Next, let (r,s) € R. Let a = £ and b = 5. Then g((a,b)) = (r,s). Hence g is also onto, hence g is a
transformation.

e Consider g(z,y) = (—z, —y). First suppose g((a,b)) = g((c,d)). Then —a = —¢, so a = ¢ and —b = —d, so
b =d. hence g is 1-1.

Next, let (r,s) € R. Let a = —r and b = —s. Then g((a,b)) = (r,s). Hence g is also onto, hence g is a
transformation.

(b) Which of these mappings are affine transformations? Justify your answer.
From above, f(z) = 22+x and g(z,y) = (z,y?) are not transformations, so they are also not affine transformations.

Consider g(z,y) = (23,y). Notice that (0,0), (1,1), (2,2) are collinear since they are all on the line y =
However, ¢((0,0)) = (0,0), g((1,1)) = (1,1), and ¢((2,2)) = (8,2). This first two points are both on the line y = z
while the third point is not on y = x. Therefore, this transformation does not preserve lines, hence it cannot be
an affine transformation.

It may or may not make sense to call f(x) = 2z and f(z) = x — 3 affine, depending on how we define lines since
these are not functions of E. Since they both map R onto R, they preserve the only line in view, so we will consider
both of these to be affine.

Consider g(x,y) = (bz,2y). We first consider how g acts on vertical lines. Given the line x = a, points on this
line all have the form (a,y). Since g((a,y)) = (5a,2y), these points are all mapped to the vertical line z = 5a.
Moreover, this map is onto , since if we set y = 2, we can get g((a,y)) = (5a,b) for any b.

Next, consider a non-vertical line of the form y = ma + b. Then g(a,b) = g(a,ma + b) = (5a,2ma + 2b), and
g(c,d) = g(c,md +b) = (5¢, 2me + 2b).



Then the slope of the line between the pair of image points is given by: m/ = 2met2b=2ma=2b _ 2;';((20:;;) =2

Since any pair of inputs are mapped to a pair of points that satisfy this slope equation, this function maps the
line into another line. The fact that this map is onto is similar to the argument above.

We will show that g(z,y) = (—z, —y) is affine by showing that it is an isometry below.

Which of these mappings are isometries? Justify your answer.
First notice that all maps that are not affine are not isometries since we know that all isometries preserve lines.

Notice that f(z) = 2z is not an isometry since if a = 0 and b = 1, d(0,1) = 1 while, since f(0) =0 and f(1) =2,
d(f(0), f(1)) = 2, so distance is not preserved.

f(z) =z — 3 is an isometry since given inputs a and b, d(a,b) = |b — a|, while d(f(a), f(b)) =|(b—3) — (a—3)| =
|b — a| = d(a,b).

Finally, g(z,y) = (—x, —y) is an isometry since d(g(a,b), g(c,d)) = d((—a, —b), (—c, —d))
= Vo= CaP + (d— (0P = /(17— a + (1P~ 52 = \/le— @ T (d - B = d(a,b), (c: ).

2. Prove each of the following:

(a)

The inverse of a transformation is a transformation.

Let f be a transformation from D to R. By definition, f is a function that is both one-to-one and onto. Then
we may define the inverse function f~! as follows. For every r € R, since f is 1-1 and onto, there is exactly one
d € D such that f(d) = r. Then we define f~*(r) = d. Then f~! is a function. Since f is well defined, f~1 is
onto (for every d € D, there is an r € R such that f(r) = d). Also, f~! is well defined since we for each r € R,
there is a d € D so that f~!(r) = d and there is exactly one such d since f is 1-1. Finally, f~! must be 1-1 since
if f~Y(r)=f"tr2)=d, foft(r1)=fof (re) = f(d),sor, =rs. Hence f~! is a transformation.

The inverse of an isometry is an isometry.

We already know from above that the inverse of a transformation is a transformation, so we need only prove that
the inverse of an isometry preserves the distance between any pair of points. Let f be an isometry from D to R. Let
r1,72 € R and suppose that d(ry,r2) = M. To obtain a contradiction, suppose that d(f~1(ry), f~1(r2)) = M’ #
M. Then, since f is an isometry, M’ = d (f (ffl(rl)) f (ffl(rg))) = d(r1,r2) = M. This is a contradiction.
Hence f~! is an isometry.

The set of all transformations of a plane forms a group under the operation function composition.

o We showed in HW 3.4 that the composition of two transformations in a transformation. Therefore, the set of
transformations of a plane is closed under function composition.

e The identity map is a transformation since it is both 1-1 and onto.
e From part (a) above, the inverse of a transformation is a transformation.

e The fact that function composition is associative is a standard result from the algebra of functions. (i.e. one
can show that fo (goh) = (fog)oh).

Given f, an isometry of E and a triangle AABC, if f(A) = A’, f(B) = B/, and f(C) = C’, then AABC &
NA'B'C.

Suppose that d(A, B) = 1, d(A,C) = Iy and d(B,C) = [3. Since f is an isometry, d(A’, B') = d(A,B) = Iy,
d(A',C") = d(A,C) = Iy and d(B',C") = d(B,C) = ly. Then AB =~ A’B/, AC = A'C", BC = B'C’. Hence, by
the SSS Theorem, AABC = NA'B'C".



3. (a) Find homogeneous coordinates for the line £ [l; Il I3] containing the points (—3,1,1) and (1,—-2,1).

Let (x1,22,1) be an arbitrary point on the line ¢ containing (—3,1,1) and (1,—2,1). To find ¢ we look at:

I -3 1
1 1 1

Then 3z1 4+ 3z24+ 6422 —1 =0 or 3x1 +4x2 + 5 = 0, so the homogeneous coordinates of ¢ are given by [3 4 5].

(b) Find the point of intersection of the lines [4 —1 0] and [3 2 —10].

To find the point of intersection between the lines [4 —1 0] and [3 2 —10], we consider the following:

0l U3

4 -1 0 |=/£1(10-0)—£l(—40—0) + £3(8 + 3)
3 2 -10

= 1041 + 4045 + 1143.

Thus the point of intersection is: (%, %, 1).

(c) Find the angle between the lines [4 —1 0] and [3 2 —10].

To find the angle between the lines [4 -1 0] and [3 2 —10]7 recall if we are given p [pl P2 pg], and
q[ar ¢ gs], then

~1 (P192 — P2q1 [ 8+3 ) = (11) .
m(Zp,q) =tan™! [ ————== | = tan = tan — | =47.73°.
o) (p1q1 +p2QQ) (12 -2 10

4. Define each of the following terms:

(a) a transformation of a plane.
A transformation of a plane is a transformation that maps points of the plane onto points in the plane.

(b) an isometry.
A transformation which preserves the distance between any pair of points is an isometry.

(c) a group.
A nonempty set G is said to form a group under a binary operation, *, if it satisfies the following conditions:

e If A and B are in G, then A x B is in G. (The set is closed under the operation [closure].)

e There exists an element [ in G such that for every element Ain G, I x A= Ax1 = A.
(The set has an identity.)

o For every element A in G, there is an element B in G such that A+ B = Bx A = I, denoted A'.
(Every element has an inverse.)

e If A, B, and C are in G, then (A* B) x C = Ax (B * C). (Associativity)

(d) a reflection.

A reflection in a line £ is a transformation of a plane, denoted Ry, such that if X is on £, then R¢;(X) = X, and
if X is not on £, then R, maps X to X’ such that ¢ is the perpendicular bisector of X X’. The line £ is called the
axis of the reflection.



(e) a translation.

A translation through a vector ]@ is a transformation of a plane, denoted Tpq, such that if Tpg maps X to X',
—
then the vector XX’ = ]@

5. (a) Find the matrix for the transformation Tpg given:

i. P(2,3,1), Q(5,3,1)

Notice that 1@ = (3,0).

Therefore, Tpg =

OO =
o = O
—_— O W

ii. P(2,3,1), Q(—1,5,1)
Notice that ]@ = (-3,2).

1 0 -3
Therefore, Tpg = |0 1 2
0 0 1

(b) Find the matrix for the transformation R¢ g given:

i. €(0,0,1) and 6 = 135°

Then cosf = —% and sinf = ?
V2 V2
2 2
Hence Rc,p = ? _§ 0
0 0 1

ii. C(—1,2,1) and 6 = 30°

Then cosf = § and sin6 = 1, and 0C = (—1,2)

10 -1 10 1 B o1
Notice that Toc = [0 1 2 |, Tco=1|0 1 —=2|,and Rppg= |1 LB |
’ 2 2
0 0 1 0 0 1 0 0 1
1o -1]1|%¥ - o/t o 1
Finally, Rop= [0 1 2| |1 & gf [0 1 -2
0 0 1 0 o 1110 0 1

We leave it to the reader to complete the matrix multiplication.

(¢) Find the matrix for Ry given:
i ¢[1 0 0]

Notice that to map k[0 1 0] onto ¢, we use rotation about O(0,0,1) with 6 = 90°.

0 -1 0
Also notice that cos@ =0 and sin@ =1. ThenT= (1 0 0].
0 0 1
0 1 0
Similarly, rotating about O with 8 = 270° gives T~ !,so 7' = [-1 0 0
0 0 1



The reflection Ry, is given by the matrix A= [0 —1 0].

0 0 1
0 -1 0f|1 0 O 0 1 0
Then Ry =TAT'= |1 0 0|0 -1 0| |-1 0 Of.
0 0 1[0 0 1 0 0 1

We leave it to the reader to complete the matrix multiplication.
i f[1 1 1]

Notice that ¢ is the line with slope -1 intersecting the z-axis at the point C(—1,0,1). Therefore, to map
h [O 1 O] onto ¢, we use rotation about C(—1,0,1) with 6 = 135°.

V2

- . -2 2 10 -1
Also notice that 0059:—72 and sinf = 22.ThenRo,9: ? —§ ol,Toc =10 1 0|,
0 0 1 0 0 1
1 0 1
ancho: 0 1 0
0 0 1
10 —1]|-¥2 -¥2 ofl[1 0 1
Hence T'= Rc s> = TocRo,¢Tco= [0 1 0 vz 2 g |01 0
0 0 1 0 0 11 10 0 1

Similarly, rotating about C' with 6 = 225° gives T—!, and the reflection R}, is given by the matrix

1 0 0
A=10 -1 0f.
0 0 1

Then Ry = TAT .

We leave it to the reader to complete the computations.
d) Find the matrix for Gpg given P(2,3,1) and Q(3,3,1).
Q

First notice that % = (1,0).

10
Therefore, Tpg = |0 1
0 0

—_O

Next, notice that since the line ¢ = % is the horizontal line [0 1 —3], then the translation that takes
R[0 1 0] totis:

1 00
T=1(0 1 3.
0 01
1 0 0|1 O 0O](f1 0 O
Thus Ry =TAT'= |0 1 3| |0 -1 0| (0 1 -3
0 0 110 0 1f]0 0 1

Finally, Gpg = TpQT AT~!. The details of the matrix multiplication are left to the reader.

6. For each statement, determine whether the statement is true or false. Then briefly justify your answer.

(a) Every isometry of E is a translation, a rotation, or a reflection.



This statement is False. Glide reflections are also isometries of E, and these to not fall into any of the categories
listed above.

(b) The product of any two distinct rotations is a translation.

This is False. We often get translations by composing two rotations, but in the case where two rotations about
same center point C are composed, we do not get a translation. We get another rotation about C'.

(¢) A nontrivial translation has no invariant points.

True. To see this, suppose that a translation f has an invariant point P. Then f(P) = P. But then PP’ = (0,0(.
Since all points are moved along this same vector, the translation is trivial (i.e. it fixes every point in the plane).

(d) A nontrivial rotation has exactly one invariant point.
True. The only point that is fixed by a non-trivial rotation is the center of the rotation.

(e) A nontrivial translation has no invariant lines.

False. Every line that is parallel to the translation vector in standard position at the origin is invariant under a
translation.

(f) A nontrivial rotation has no invariant lines.

False. If 6 = 180, then any line through the center of the rotation is invariant under the rotation.
(g) A nontrivial reflection has exactly one invariant line.

False. In addition to the axis of reflection, which is clearly invariant, any line that is perpendicular to the axis of
reflection is also invariant.

1 0 2
7. Let f be the transformation given by the matrix A= [0 1 3
0 0 1

(a) Find the image of the points P(1,3,1) and Q(—2,5,1) under this transformation.

10 2
01 3[[1 3 1]"=[1+0+2 0+3+3 0+0+1]" =[3 6 1] =P,
0 0 1]

1 0 2] ., ., .,
01 3/[-2 5 1] =[-2+04+2 0+54+3 0+0+1] =[0 8 1] =Q"
00 1

(b) Find the image of the line [I —2 4] under this transformation.

Let [El Uy Eg] be the image of the line [1 -2 4] under A.
1 0 2

Then we have the matrix equation: [El £l Eg} 0 1 3| = [1 -2 4]
0 0 1

Multiplying, we see that /1 =1, o = —2, and 201 + 305+ ¢3 =4,s02 — 6+ ¥3 =4 or {3 = 8.
This the image of [1 -2 4} under A is [1 -2 8].
(c) What transformation is this?.

From this form of the matrix A and its action on P, @, and ¢ we see that it is the translation Tpg, where
PO = (2,3).



8. Given the points P(2,1,1) and Q(4,2,1)
(a) Find the matrix of a translation that maps P to Q.

Notice that PQ = (2,1). Then the following is a matrix of a translation that takes P to Q:

1
Tpg = |0
0

)
— =

(b) Find the matrix of a reflection that maps P to Q.
Notice that C(3, 2) is the midpoint of the line segment PQ and y = —2z + 22 is the equation for the line through
C and perpendicular to to PQ [just use standard algebra to find these].

Then we wish to find the matrix for Ry, where ¢ is given by [2 1 —%]

Notice that this line intersects the z-axis at the point C(%, 0,1).

We then compute the angle between the lines [0 1 O} and [2 1 —%}:

- 042

m(Zh,f) = tan™* (w) = tan"! <+> = tan"! (2) &~ 63.435°, so we take = 180° — 63.435° =
P1q1 + p2q2 0+1

116.565°.

Then the rotation R¢ g with C(%, 0,1) and 6 = 116.565° is an isometry that maps h to the line /.

1 0 O
Recall that A= |0 —1 0] is the matrix for the reflection across the line h [0 1 0].
0 0 1

Hence, the matrix of a reflection that takes P to Q is given by: R, = T o Rj, o T, so the matrix B of Ry is given
by:

B =TAT~! where A is as above, and T is the direct isometry that maps h to £. Notice that T is given by:
Reyo = TocRo,eTco with C(12,0,1) and 6 = 116.565°.
The specific computations from here are left to the reader.

(¢) Find the matrix of a rotation that maps P to Q.

One way to obtain a rotation that takes P to @ is to consider a rotation about the point C(3, %, 1) and to set

6 = 180°.
1 0 3 1 0 -3 -1 0 0
In this case, Toc = [0 1 2|, Toc= |0 1 —3|,and Rop=|0 -1 O0f.
0 0 1 00 1 0 0 1
1 0 31[-1 0 o]t o -3
Hence Rcp = TocRoeTco= 10 1 3|10 -1 of|0 1 -3
00 1/|0 0 1[]0 0 1
-1 0 3]t o -3 -1 0 6
=0 -1 3|0 1 =3|=]0 -1 3
0 0 1|]0 0 1 0 0 1
9. Consider the following transformation matrices:
12 1 1 -1 3 1 0 -5
A=13 0 -1| B=1|2 1 -1 Cc=1|0 -1 3
2 1 0 0 0 1 0 0 1



01 3 Lo 10 -5
D=|1 0 -1 =|-¥& L o F={0 1 -3
0 0 1 0O 0 1 0 0 1

(a) Which of these are the matrix of an affine transformation of E?

From the form of the matrices, we see that all of these matrices represent affine transformations with the exception
of A.

(b) Which of these are the matrix of an isometry of E?

Recall that a transformation is an isometry if and only if its matrix representation has one of the following forms:

cosf) —sinf a cosf) sinf a
sinf cosf® b| or |sinf —cosf b
0 0 1 0 0 1

From this, we see that C, D, E and F represent isometries while A and B do not.

(c) Which of these are the matrix of an direct isometry of E?

cosf —sinf a
Direct isometries are transformations whose matrix representations have the form: |sinf cosf b
0 0 1

Therefore, we see that F and F' represent direct isometries.

(d) Which of these are the matrix of a rotation of E?

Rotations are direct isometries. We will see below that F' is a translation, while, looking at the form of E, we see
that this matrix represents a rotation (in fact, it is a rotation about O).

(e) Which of these are the matrix of a translation of E?

Translations are also direct isometries. We saw above that E is a rotation. Looking at the form of F', we see that
this matrix represents a translation.

10. Given the plane figure in [E shown below, accurately draw the image of this figure under each of the following isometries:

Aq H
F G
E
D
[
B C
(a) Rp,9o
A,_ __eH
| P
la) 1
}o oE
I O \\
w N
AN
" o0
by — - — - - o




Aoy

1
1
1
1
1
1
1
1
1
o -¢

B B

(¢) Ry, where £ = Ha.
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11. Prove or Disprove:
(a) The set of all translations of E forms a group under composition.

This statement is true. To see this, notice the following:

e The trivial transformation (the identity map) is a translation along the zero vector.

e The composition of two translations is a translation. This is due to the fact that T'sy o Tpg = Tprg Where
> .
PQ = % + ST (use vector addition).

e The inverse of a translation is a translation. In fact, T;é =Tgp.

e Finally, associativity is inherited from the associativity of function composition for transformations in general.

(b) The set of all rotations of E forms a group under composition.

This statement is False. Is is true that the set of rotations about a single point in the plane form a group under
composition. It is also true that the trivial map corresponds to a 0 degree rotation about a center point and that
the inverse of a rotation is a rotation. However, if we compose two non-trivial rotations with different fixed points,



(c)

the result is not a rotation. Therefore, the set of all rotations is not closed under composition so it cannot form a
group under composition.

The set of all indirect isometries of E forms a group under composition.

This statement is also False. While it is true that the set of all direct isometries forms a group under composition,
recall that by Proposition 3.8, the composition of two affine indirect isometries is a direct isometry, so this set is
not closed under composition and hence cannot form a group under composition.

12. Let OABCD be the unit square centered at the origin in E.

(a)

Give a complete list of all of the symmetries of DABCD.

Consider the following diagram:

Al : D
P AN R
B e .C

The identity map is clearly a symmetry of DABCD.

The rotational symmetries of JABCD are Rp 900 = R, Ro, 1800 = R2, Ro 2700 = R3 (note that R* = id)
Let £ = SO, £y — PR, 63 — AC, and £, — BD.

Then the reflectional symmetries of OABCD are Ry, =V, Ry, = H, Ry, = D1, and Ry, = Ds.

These are the only symmetries of DABCD.

Show that the set of isometries that you found in part (a) forms a group under composition.

We will demonstrate that this set forms a group by constructing the Cayley (multiplication table) for this set
under function composition. Note that we are thinking of doing the transformation listed along the top row first
followed by the transformation in the first column.

id | RIREITR[V [ H]D;| Dy
id|id| R|R|R|V | H]|D | D
R|R|RI|R|id|D |D | H|V
RRIR|R|id|R|H|V |Dy| Dy
RRIR|id|R|R|D, | D, |V | H
V|V |D,| H|D |id | R|R°| R
H|H|D |V I|Dy,|RE|id]| R | R®
D, | Dy |V I|Dy, | H|] R|R]| id | R2
Dy | D, | H|ID, |V |[R|R|R]|id

The multiplication shown in the table above demonstrates that these transformations form a group under compo-
sition.



