Math 262

Exam 5 - Practice Problems

1. Use a power series to approximate each of the following to within 3 decimal places:

(a)

" 1
arctan —
2
o0 x?n—&-l
Notice that the Maclaurin series arctan(z) = Z(—l)” 1 is an alternating series satisfying the
n
n=0
hypotheses of the alternating series test when x = % Then to find our approximation, we need to find
5)2n+1
n such that L < .0005.
2n+1
L ! 0.04667 L 0.00625 ! 0.001116, and 0.00217
ag==,a1 =—— ~0. as = ——=0. ay = ——— ~ —0. and as ~ 0.
0= 5 @1 Y » 43 = 160 ; G4 396 ) 5
H t L1 1 + ! ~ 0.463
ey F o T 24 T 160 896
In(1.01)
i n+1

Notice that the Maclaurin series In(1 + x) = Z(—l)” er ] is an alternating series satisfying the
n

hypotheses of the alternating series test when x = 0.01. Then to find our approximation, we need to

1 n+1
find n such that © _?_1 < .0005.

ag = 0.01, a; = —0.00005
Hence In(1.01) ~ 0.010

sin (%)
o0 x2n+1
Notice that the Maclaurin series sinx = Z(—l)”i is an alternating series satisfying the hy-
= (2n+1)!
potheses of the alternating series test when z = {;. Then to find our approximation, we need to find n
™ \2n+1
such that L < .0005.
(2n+1)!

ap = = ~ 0.314159, a1 ~ —0.0051677, as ~ 0.0000255
Hence sin (110) ~ 0.314159 — 0.0051677 ~ 0.309

2. For each of the following functions, find the Taylor Series about the indicated center and also determine the
interval of convergence for the series.

(a)

fla)y=e"1 c=1

Notice that f'(z) = e*~! and f”(z) = e*~ 1. In fact, f(z) = e*~! for every n.

Then £ (1) = € = 1 for every n, and hence a,, = % for every n.
o0

r—1 _ (l‘ B 1)n
Thus e = 7;) —
-1 n+1 |
To find the interval of convergence, notice that lim Il — i |2 | R = |z —
n—oo | ay n—oo (n+ 1) |z —1?
) 1
s =0

Thus this series converges on (—o0,00) and R = oo.



s

(b) f(x) =cosz, c= =

™
=sin— =1

sin - ,
— 1/, so this

2
f'(z) = —sinz, f"(x) = cosz, f"(x) = sinz, f*(x) = —cosz, and the same pattern continues from
there.
Ther;zfore, f (;) = cosg =0 f (g) = —smi =1, f” <—) = —cosg =0, f"” (g)
f4 (5) = cos 5= 0, and the pattern continues from there.
Therefore, ag =0, a1 = —1, as =0, ag = % =g
[e.e]
1
Hence the series is: cosz = ;(1)”+1M(3: - g)%ﬂ
z—Z" (2n 4 1)

To find the interval of convergence, notice that lim Intl] _ fim | 2| . (2n+1)

woe|Tay | niee @n4 3 [z — 3"

1
= |z~ 7] lim -
2 n—oo (2n + 3)(2n + 2)
Thus this series converges on (—o0,00) and R = co.
(©) f(2) =7 e=—1
c) fl@) =—,c=—
x
f,($) _ _m—2’ f"(x) _ 217—3’ fm(:E) _ —6x_4, so f(z) = (_1)nl,—(n+1)
Then f(—1) = -1, f'(-1) = -1, f"(-1) = =2, f”(-1) = =6, and f"(—1) = —n!.
Therefore, ag = —1, a1 = —1, as = —1, ag = —1, and, in fact, a,, = —1 for all n.
oo
H - = - "
ence — Z( 1)(x+1)
n=0
-1 — 1|+t
To find the interval of convergence, notice that lim Intl) — lim M = |z
n—o0 an, n—o0 (—1)|.’E - 1|n

series converges absolutely for 0 < z < 2

When z = 0, we have Z(—l)(—l)”

n=0

Similarly, when z = 2 we have Z
n=0
Thus this series converges on (0, 2)

, which diverges by the nth term test.

™ which also diverges by the nth term test.

and R =1.

3. For each of the following functions, find the Taylor Polynomial for the function at the indicated center c.

Also find the Remainder term.

(a) f(x)=+yx,c=1,n=3.

First, f'(z) = %x*%, f(z) = —%x*%, " (z) = %x*g, and fW(z) = —1—2:(%.
Then f(1) = 1, f/(1) = 5, /(1) = —, f(1) = 2.
Hence ag =1, a1 = %, as = —%, and ag = %
Thus P3(z) =1+ 3(z — 1) — s (z — 1)? + & (z — 1)*
7
and Ry(z) = L5@ (p — 1)1 = 32 2 (g — 1)4
(b) f(x) =lnz, c=1,n=4.
First, f'(x) = 27", f"(x) = =272, ["(x) = 227%, D (@ ) — —627", and f)(z) = 2427°.
Then £(1) =0, f/(1) =1, f'(1) = -1, /(1 > — 2 and (1) = 6.
Hence ag =0, a1 =1, ao = — 1 , a3 = 3 1 ;and ag = —7
Thus Py(x )—O—l—(x—l)—f(ac—l) + iz —1)3 - (@ —1)*



(5) (4 =5 2=
and Ry(z) = L 5!( )(x — 1P =2 (2 —1)° = 22 (v — 1)°

fl@)=vV1+22,¢=0,n=4

First, f/(z) = 2(1+2%)72, f'(z) = (1+22)"2 —22(1+22) "2, f"(z) = —3z(1+22) "2 + 323 (1 +22) "2,
FD () = —3(1 +22)73 + 1822(1 + 2273 — 1527 (1 + 22)72, and fO®) (z) = 452(1 + 22)3 — 15023(1 +
1‘2)_% +1052°(1 + x2)_%

Then f(0) =1, f'(0) =0, f/(0) = 1, f”(0) = 0, and f(0) = —3.

Hence ag =1, a; =0, a2 = %,
Thus Py(z) = 1+ 2% — La*

5 7 - 9
_ fO(2) 5 45z(1422) "2 —-15023(1422) " 2410525 (1+22) "2 5
and Ry(z) = 5!()m _ 452( ) (120) ( )2,

a3 =0, and a4:—%

4. Estimate each of the following using a Taylor Polynomial of degree 4. Also find the error or your approxi-
mation. Finally, find the number of terms needed to guarantee an accuracy or at least 5 decimal places.

(a)

01

X - "L‘n
Recall that e* = Z s

n=0
2 3 4 z
Then Py(x) = 1—|—x+%+%+§—4, and Ry = %x5
When z = 0.1, Py(x) ~ 1+ 0.1+ 0.005 + 0.0001667 4 .000004167 = 1.105170867
(n+1)(z) z
In general, R, (x) = ‘}wxnﬂ = (nj— ol (0.1)"* where 0 < 2 < 0.1.
0.1

Since e” is increasing, we need to find n so that CES] (0.1)"* < 0.000005

0.1
When we use Py(z), our error is at most %(0.1)5 ~ 0.000000092 (in fact, one would only need Ps3(z)

to get within 5 decimal places).

In0.9
o0 pntl
Recall that In(1 = 1" .
ecall that In(1 + x) T;]( ) i
We will take 2 = —0.1 so that In(1 + z) = In(.9)
2?2 23 ot
Then Py(z) =z — 5 + 3T Also, fO)(z) = 24(1 + z)~°.
24(1 -5 1 —(n+1)
Therefore, Ry = (5+'Z)x5. In general, R, (x) = (—1)”%.@"“

When z = —0.1, Py(z) =~ —0.1 — 0.005 — 0.000333333 — .000025 = —0.105358333
(n+1)(2) —(n+1)
f n+1 _ (_1)n (1 + Z)

N n+1 .
(nr 1 1@ where 0.1 <2 <0.

Since Ry (x) =

Since In(1+4x) is negative and increasing when —.1 < x < 0, we need to find n so that (—1)
0.000005

n+1

(0.1)°> ~ 0.000084675.

_ (1-.1)~®
When we use Py(z), our error is at most T

1-.1)~©
%(0.1)6 ~ 0.000000314, so this is a sufficient number of

terms to approximate to at least 5 decimal places.

If we use P5(z), our error is at most

" (1 _ '1)f(n+1)

$n+1 <



(c) V1.2

We will use f(x) = \/x centered at ¢ =1 and we will take x = 1.2.

1 1 1 1
Then f/(a) = ga %, f/(2) = —ja~ 3, /() = 2o 8, fO(@) =~ a5, and fO() =~ 20
1 1
Then f(1) = 1, /(1) = £, f"(1) =~ (1) = % and fOO=1.
Hence ap =1, a1 = %, az = —%, a3 = %6, and a4 = —%8

Thus Py(z) =1+ 3(z - 1) — Lz - 1)?+ L (z — 1)° — 35(z — 1)*
) (2 3
and Ry(x) = fT()(a: —1)° 72562 (x —1)°

Thus V1.2 = Py(1.2) = 1+ =(0.2) — =(0.2)% +

1
16

5

.2)3
(0.2) 128

1
S 2)% 2~ 1.0954
5 2 (0.2) 0954375

9
7(1.2)"2
The error of this approximation is at most: (252;2(0.2)5 ~ .000003852

Hence this estimate is already sufficient to approximate to 5 decimal places (one can easly verify that
Ps(x) is only accurate to 4 decimal places).

5. Find the first four terms of the binomial series for each of the following.

ot

(a) (1+)

1 =2 1 -2 =5
L L 3'"3.2,3°3"°"3.3
(1+u)3~1—|—3u+ T T

=14 3(42%) — $(42%)? + 2 (423)% + - -

_ 44,03 16,6 4 3209 | |
—1—|—34:L‘ or + g +

2
x
©) ——=
(1)}
Let u = —2? and consider (1 + u)_%
. |l ol.s3.5
L+w)72 el =gt o+ 2 4

:1—%(—$2)—%(—$2)2+%(—x2)3+---:1+%$2+%x4+%$6+'--
2
Then Ty =22 (1+ 322 + 32t + Zab 4+ ) =a? + Jot + 220+ Sa%+ -

6. Use the binomial series to expand each of the following.

(a) (1+x)°

(142)° = 1452+ Gla? 4 25805 4 249254 4 BABRLG5 L0404 = 1452 + 1027 + 102% 4 52 + 2




(b) (1~ 4z)*
Let u = —4z. Then (1+u)* = 14+ 4u+ Lu® + 23203 + 232000 41 04+ 0+ - = 1+ du+ 6u® + 4ud + u?
Therefore, (1 —4z)* = 1 + 4(—4x) + 6(—4x)% + 4(—42)3 + (—4z2)* = 1 — 162 + 9622 — 25622 + 25624
(c) (1—22%)?°
Let u = —22° Then (1+u)® =1+3u+ 3u?+ 323 +0+0+ - =14 3u+3u? +u3
Therefore, (1 —22°)3 = 1+ 3(—22°) + 3(—22°)% + (-22°)3 = 1 — 62° + 12010 — 821°

11— cosz

5 dz to within 5 decimal places of accuracy.

7. Use a series to approximate /
0 T

Recall that cos” =1 — % + G — G+ + (=1)" G + -+

Then1—cos:1;:%2—4—%%—35*?—#‘”—%(—1)”“‘1(5;:;!+---
1 —cosx n—
Therefore,TZ%—L?-I-LT—%‘F"“*‘(_UTLH%TL)!Q+
1
F thi Luat /ll—cosxd /11 l‘2+.7)4 a:6+ . d 1 a3 n x® x’ N
rom this, we evaluate ———dx = -t ———+ it dr = = — —
’ 0 2 o 2 4! 6! 8! 2 3-4!' 5.6 7-8

Notice that this is an alternating series whose terms are both decreasing (since the demonimators are in-
creasing) and approach zero. Therefore, we may apply the Altermnating Series Test Error Theorem. Since
ﬁ ~ 0.000003543 < 0.000005, then adding the preceding terms will yield an approximation of the original
that is good to 5 decimal places.

1
1— 11 1
Hence/ L e~ s -~ 0.48639.
) 56!

x? 2 3.4
et —e™®
8. Use series to evaluate the limit lim
T—00 T
er —e*
Sorry. This was a typo. The problem should be: Use series to evaluate the limit lir%
r— T

Recallthatex:1+x+%2+“§—?+---+%+---.

2

Thene—z:1_x+%_§+...+(_1)(n)%’;+,”

5

Therefore, ex—e_x:0+2x+0+2'%3+0+2-%!-“

T _ —T 2 z3 i
Hence lim ce-° _ lim T3 T 6
r—0 x r—0 €T
24T 4L 24040
= lim —3 %0 — =2
z—0 1 1

9. Express the following polar equations in rectangular coordinates:



(a) r=—b5cosd

Multiplying both sides by 7 gives 12 = —5r cos 6.
Then x2+y2 = —bzx, or x2+5x+y2 =0
Completing the square, (x + 3)2 +y? = %

(b) r =sin(26)

By the double angle identity for sinf, » = 2sin 8 cos 6.
Then 73 = 2rsin Or cos 0, or (z? + y2)§ = 2zy

Then (22 + y?)? = 422>

10. Express the following rectangular equations in polar coordinates:

(a) zy =1

2 _

rcosfOrsinfd =1, or r* = ——
) sin 0 cos 6

Then % = secfcscd
(b) 22 —y* =1

r2cos?f — r?sin?f = 1, or r?(cos? 0 —sin? ) = 1
By the double angle identity for cos @, r? cos(20) = 1.

Then r? = 005%29), or r? = sec(26).

11. Find the equation for a circle with center (0, —4) and passing through the origin in both rectangular and
polar coordinates.

Rectangular: 22 + (y +4)? = 16

Expanding, 2 + 32 4 8y + 16 = 16, or 22 + y*> = —8y

Then 72 = —8rsinf, or r = —8siné

12. Graph each of the following polar equations:

(a) r=1—sind

(b) r=4+42cosf




(c) = 3cos(30)

(d) r = 2sin(50)

13. Find the area of each of the following polar regions:

(a) the region bounded by the polar graph » = 1 4 cosf

10
<
0.
<
10

71‘1 s
A:2/ 2(1+cos9)2d0:/ 1+ 2cosf + cos? 0 df
0 0

4 1 1 1
:/ 1+2cosf + - + — cos(20) d0:§0+2sin9+fsin(29) = —
o 272 2 4

(b) the region bounded by one loop of the curve r = 2sin(56)



Notice that 2sin(50) = 0 when 50 = 7k or when 6 = % Then the first loop is traced on when
0<0< %,

51
Therefore, A = / ’ 5(25in(50))? df = / > 2sin2(560) df
0

0
51
:2/5—
0 2

(c) the region inside r = 3 + 2sin# and outside r = 4

us

5

1 1 .
cos(106) df = 2 [29 ~ 5 sm(l()&)]

N =

0

First notice that 3 4+ 2sinf = 4 when 2sinf = 1, or sinf = % That is, when 6 = & + 2k7 or %’r + 2km.
Then, using symmetry, A = 2 / ’
%

us

5((3+2sin0)? — (4)?) df = /2 9+ 125in0 + 4sin? —16 df

6

= /2 —7+ 12sin6 —1—4(% — %cos(%)) df = /2 —5412sin6 — 2 cos(20) df

™

6 6

: (5w>_<5w V3 \/3):13\/3 5

= —56 — 12 cos 0 — sin(20) —— —(12)—/— — —

6 2 2

2 3

jus

(d) the region inside both r = 2cos# and r = 2sin 6

Notice that 2cos @ = 2sin 6 when tan 6 = 1, or when 6 = 7 +kw. Also notice that 2sin 6 is the boundary
curve for 0 < 6 < 7 while 2cos 6 is the boundary curve for 7 <60 < 7.
i1 21 I bl
Then A :/ 5(zsme)2 d9+/ 5(2cos¢9)2 do :/0 2sin’ 6 d0+/ 2 cos® 6 df
0 I I
T, 3
+ 6+ 3 sin(20)

s s 1

= /4 1 — cos(20) df + /2 1+ cos(20) df = 6 — B sin(26)
0 s

0

4

-[G-2)-] [0~ G2 -5

™



