Math 487
Exam 3

Instructions: You will have 55 minutes to complete this exam. The credit given on each problem will be proportional to
the amount of correct work shown. Answers without supporting work will receive little credit.

Work your exam on separate sheets of paper. Be sure to put your name on at least the front page.

Note: Throughout this exam, you may assume that both function composition and matrix multiplication are associative.
1. Consider the function f: R? — R? given by f(z,y) = (23, 5y).
(a) (6 points) Is this function a transformation? Justify your answer.

Yes. We will show that f is both 1-1 and onto. To see that f is 1-1, suppose that there are inputs (a,b) and (¢, d)
such that f(a,b) = f(c,d). Then (a3,5b) = (c3,5d). Therefore, a® = ¢3, so a = ¢, and 5b = 5d, so b = d. Hence f
is 1-1.

To see that f is onto, let (a,b) be a point in R?, let 2 = /a and y = 2. Note that (z,y) € R?. Then

flz,y) = ((\3/6)3 .5 %) = (a,b). Hence f is onto and this f is a transformation.

(b) (6 points) Is this function an isometry? Justify your answer.

No. Consider the points P(0,0) and Q(0,1). Then f(P)= f((0,0)) = (0,0) and f(Q) = f((0,1)) = (0,5).
Notice that d(P, Q) = /(1 — 0)2 + (0 — 0)2 = 1, while d(f(P), f(Q)) = /(0 — 0)2 + (0 — 5)2 = 5. Since d(P, Q) #
d(f(P), f(Q)), f is not an isometry.

1 0 2
2. Consider the matrix A= |1 1 3
0 0 1

(a) (5 points) Does this matrix represent an affine transformation? Justify your answer.

a1l aiz2 a13
Yes. Recall that in section 3.2.3, we proved that any matrix of the form A = |a2; a2 as3| is a transformation.
0 0 1
Since the matrix above has this form, it must be a transformation.

(b) (5 points) Does this matrix represent an isometry? Justify your answer.

cosf —sinf a
No. Recall that in Proposition 3.7 we proved that isometries have matrices of the form |sinf® cosf b| or
0 0 1
cosf sinf a
sinf —cosf b]|.
0 0 1
Then this transformation cannot be an isometry since the matrix above has the wrong form (in particular, |ai2| #
|an1].)

(¢) (5 points) Find a point P such that A maps P to the origin in the plane.

1 0 2 1 0
Suppose |1 1 3| - |z = [0].
0 0 1 1 1

Then z1 +2 =0, so 1 = —2, and z1 + 22 + 3 = 0, or, substituting, —1 + x5 = —3, so x5 = —2. Therefore, the
point (—2,—1,1) is mapped onto the origin by A (this is easily verified using matrix multiplication).



3. (6 points) Suppose f is an isometry of E? that has more than one fixed point. What type(s) of isometry could f be?
Justify your answer.

Recall that if f were a non-trivial translation, then f would not have any fixed points. Similarly, if f were a glide
reflection, then it would not have any fixed points. If f were a rotation, then its only fixed point would be the center
of the rotation. Therefore, f cannot be a translation, a glide reflection, or a rotation.

Finally, note that if f were a reflection, the every point on the line used to define the reflection is a fixed point, so f
could be a reflection. Since every isometry of E2 must be one of these four types, f must be a reflection.

4. (4 points each)

(a)

Find homogeneous coordinates for the line containing the points (3, —2,1) and (—1,4,1)

Recall that one nice way of finding a line through two points is two put an arbitrary point along with the two
given points and then use the determinant as follows:

z 3 -1
detly —2 4]=0
1 1 1

Then z(—2—4) —3(y—4) + (-1)(y+2) = 0,80 =62 —3y + 12—y — 2 =0, or —6x — 4y + 10 = 0. Reducing this
gives 3x +2y —5=0

Then one way of writing the homogeneous coordinates of the line containing these points is: [3,2,—5] (of course
any multiple of this is also correct).

Find the point of intersection of the lines [3,—2,5] and [4,1, 3]

Two find the point of intersection of two lines, we can use a similar technique making use of the determinant:

by by A3
det|3 -2 5|=0
4 1 3

Then ¢1(—=6 — 5) — ¢3(9 — 20) + ¢5(3 +8) =0, so =114 + 1145 + 1145 = 0, or —¢; + {5 + ¢35 = 0. Notice that we
scaled so that the third entry is +1.

Then the point of intersection is (—1,1,1).

5. Consider the points P(3,0,1), @(0,2,1), and R(1,0,1). Note that, if necessary, you may provide a matrix representation
that is given a product of several matrices (that is, you do not need to perform matrix multiplication to find a single
matrix representing the transformation).

(a)

(b)

(6 points) Find a matrix representation of a translation that maps the point P to the point Q.

-3
2 | represents a translation mapping P to Q.
1

Notice that F@ = (—3,2). Therefore, Tpg =

S O =
o = O

(6 points) Find the matrix representation of a rotation that maps P to Q.

There are several ways to do this, but the most straightforward is to use a rotation of 180° about the midpoint of
the points P and ). Notice that M = (%, 1), so we will use the rotation Rps150o. To find a product of matrices
representing this rotation, we recall that Rys 1800 = Toam © Ro,180° © Thro-

1 0 327 [cos180° —sin180° 0] [1 0 -2
Then Ryris00 = [0 1 1 sin180° cos180° O |0 1 -1
00 1 0 0 10 0 1
1o 2][-1 o o]t o -2
=(0 1 1|0 -1 o[ |0 1 -1
00 1[0 0 1]|0 0



()

(d)

(10 points) Find the matrix representation of a rotation that maps P to R.

There are several ways to do this, but the most straightforward is to let N = (2,0) and to use the rotation Ry 1s0°-
To find a product of matrices representing this rotation, we recall that Ry 1800 = Ton © Ro,180° © TNoO-

1 0 2| |cosl180° —sinl80° O |1 0 =2

Then Ry180o = |0 1 0] |sin180° cos180° 0| [0 1 O

0 01 0 0 1110 0 1
1 0 2{|-1 0 0|1 0 -2
=(0 1 0 0 -1 0f|0 1 O
0 0 1 0O 0 110 0 1

(10 points) Find the matrix representation of a reflection that maps P to Q.

First, we need to find the axis of reflection. This must be the line passing through the midpoint of the segment
PQ and perpendicular to this segment.

Straightforward computations show that the axis of reflection is £ = [6 — 4 — 5].
From this, we compute the angle between this line and the z-axis, h = [010] using the computational technique

defined in class:
0) = P14q2 — p2q1 (0)(—=4) — (1)(6)

prqi+p2g2 (0)(6) + (1)(—4)

Therefore, § = tan™! (%) Notice that constructing the associated right triangle gives sin(f) = \/% and cos(f) =
2

V13®

3
t —
an( 5

Now we are ready to build the matrices for this transformation. Let S be the point where ¢ meets the z-axis (some
straightforward algebra shows that S = (0, %)) Our strategy (although there are other correct strategies) will be
to first use Rg,_g to rotate £ onto h. Next, we will reflect across h. Finally, we will use Rg ¢ to rotate h back to £.

Using the same methods described in parts (b) and (c¢) above:

RS7_9 = TOS o RO7_9 9] TSO =(0 1 0 _TS \/T—g 0 0 1 0
0 0 1 0 o 1/10 0 1
Lo A s [0
Rsp=TosoRopoTso=10 1 0 \/% - 0[]0 1 ©
0 0 1 0 0 1/ {0 0 1
Hence Re = TOS o Ro,g o TSO o Rh o TOS o] R07_9 o TSO
5 2 __3 5 5 2 3 5
A | e N Ol o P 1 A e B
- Vi3 V13 - Vi3 Vi3
0 0 1 0 0 1110 0 1 0O 0 1[0 0 1 0 0 1/ {0 0 1

6. (5 points each) Given the following planar figure, accurately draw its image under each of the following transformations.
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7. (12 points each) Prove one of the following:
(a) The composition of two transformations is a transformation.

Let f and g be transformations and consider fog. To see that fogis 1-1, suppose that fog(P) = fog(Q). That
is, f(g(P)) = f(9(Q)). Since f is 1-1, we must have g(P) = g(Q). But g is also 1-1, so we must have P = Q.
Hence fogis 1-1.

To see that f o g is onto, let B be an element in the codomain of f. Then, since f is onto, there must be a C' in
the domain of f so that f(C') = B. Since g is onto, there must be a D in the domain of g so that g(D) = C. Then
f(g(D)) = f(C) = B. Hence f o g is onto.

Since f o g is both 1-1 and onto, it is a transformation.

(b) The inverse of an isometry is an isometry.

Let f be an isometry from D to R. By definition, f is a function that is both one-to-one and onto. Then we may
define the inverse function f~! as follows. For every r € R, since f is 1-1 and onto, there is exactly one d € D
such that f(d) = r. Then we define f~!(r) = d. Then f~! is a function. Since f is well defined, f~! is onto
(for every d € D, there is an r € R such that f(r) = d). Also, f~! is well defined since we for each r € R, there
is a d € D so that f~!(r) = d and there is exactly one such d since f is 1-1. Finally, f~! must be 1-1 since if
) = fYra) =d, fof~l(r1) = fo f (r2) = f(d), so r; = ry. Hence f~! is a transformation.

It remains to prove that the inverse of an isometry preserves the distance between any pair of points. Let f be an
isometry from D to R. Let r1,72 € R and suppose that d(ri,72) = M. To obtain a contradiction, suppose that
d(f~(r1), f~'(r2)) = M’ # M. Then, since f is an isometry, M’ =d (f (f~'(r1)), f (f " (r2))) = d(r1,72) = M.
This is a contradiction. Hence f~! is an isometry.

8. (12 points each) Prove one of the following:
(a) Given a pair of distinct points X and Y in E, there is a reflection that maps X to Y.

Let X and Y be distinct points in E. Consider XY. Let M be the midpoint of XY [We proved on an earlier
homework problem that there is a unique point M that is the midpoint of this segment. this was a consequence
of the ruler postulate and the definition of betweenness|. Let ¢ be the line perpendicular to XY through the

point M [This line must exist by the protractor postulate - construct the ray M P in one half plane of such
that m (ZLXMP) = 90, then extend this to a line M ﬁ] If we take ¢ = M ﬁ, then Ry is a reflection such that

Ry(X) =Y. [notice that XY is perpendicular to MP and XM = MY).
(b) The set of all translations of E? is a group.

e closure: Let 77 and 75 be two translations. Then T; and T are represented by matrices of the form:
1 0 a 1 0 ¢
T,=10 1 bl andTo=|0 1 d].
0 0 1 0 0 1




1 0 al |1 0 ¢ 1 0 a+c
Notice that Ty oT, = |0 1 b |0 1 d| =10 1 b+d].
0 0 1110 0 1 0 0 1

Hence the set of all translations is closed under composition (matrix multiplication of the associated matrices).

identity:
1 00
The translation T, by the vector ¥ = 0 is the identity transformation [0 1 0
0 0 1
inverses:
1 0 a 1 0 —a 1 0 af |1l 0O —a
Given a translation T, = |0 1 b|, T, = [0 1 —b|. Noticethat T,oT, 1= (0 1 b| |0 1 —b|=
0 0 1 0 0 1 0 0 1[0 0 1
1 00
0 1 0].
0 0 1
associativity:

As noted at the beginning of this exam, I allowed you to assume that matrix multiplication is associative.
Therefore, associativity is inherited from this property of matrices since we find the composition of transfor-
mations by multiplying their matrix representations.



