Math 127
Exam 3 Practice Problems

1. Given the tables below, find the following:

X 01214168 X 012114618
fx)[1[5]8[4]0 gx) [ 2[6[5]9(7
f _f@®) 0
(®) <g><8>—g<s>—7—0

2. Determine whether or not the following functions are one-to-one. You must justify your answer to each part.
(a) f(z)=3x-5
Suppose f(a) = f(b). Then 3a — 5 = 3b — 5. Then, adding 5 to both sides of the equation:

3a = 3b, or, dividing both sides by 3, a = b
Therefore f(x) is one-to-one.

(b) f(z)=2"—=

Notice that if 23 —x = 0, then x(22 — 1) =0, or z(z — 1)(x +1) = 0. Thus z = 0,1, -1
That is, f(0) = f(1) = f(—1) = 0. Hence f(z) is not one-to-one.

(c) flx) =3z| -2

Notice that f(2) =3]2| —=2=6—-2=4, and f(-2) =3|—2| —2=3(2) — 2 =4, while 2 # —2.
Therefore, f is not one-to-one.

1
2x

(d) g(z) =

Suppose g(a) = g(b). Then % = %. But then, multiplying both sides by (2ab):

2ab __ 2ab : _
S5 = %y or, reducing, b = a.

Therefore g is one-to-one.

3. Use algebra to find the inverse of each of the following functions:
(a) f(z)=5x—4

To find the inverse of f, we first solve y = 5x — 4 for x. To do so, we add 4 to both sides:
y + 4 = 5z, or, dividing both sides by 5:

yt+4 — Yy 4
=T, 0r =5+ %

-1 _z 4
Therefore, f~'(z) = £ + =

(b) f(2) = Va1

To find the inverse of f, we first solve y = /x — 4 for x.
Squaring both sides, y?> = = — 4, or, adding 4 to both sides, y?> + 4 = z

Thus f~!(x) = 22 + 4. (Note that this inverse function is only valid on the restricted domain x > 0)



5x

(©) fla) = 5

To find the inverse of f, we first solve y = 35_—"”1 for x.

First we multiply to clear the denominator, yielding y(3 — ) = 5z, or 3y — zy = bz.
Next, we get everything involving = on one side: 3y = bx + zy

Then, we factor out z: 3y = (5 +y), or 2% =z

5+y
Therefore, exchanging = and y, we have f~1(z) = 5:1—”1
22 — 3
d —
(@ f@) = 3
To find the inverse of f, we first solve y = g;ﬁi for x.

First we multiply to clear the denominator, yielding y(3z + 4) = 2z — 3, or 3zy + 4y = 2z — 3.
Next, we get everything involving x on one side: 4y + 3 = 2x — 3zy

Then, we factor out = and divide: 4y + 3 = (2 — 3y), or % =z
Therefore, exchanging = and y, we have f~!(z) = 3{32

4. Simplify the following:

0 ()’
<
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g2\ 73 95\ [a5a4) 7522\ 12556
25,4 — g2 - y12 T\ s ) Ty
(d) 5/32$11y1428

V321 y1428 = §/322102y1042523 = 22222 3/ wyt 23

© ((5a:yz)2z2)_1

21 2y2z—4

(D A N L e W £ ik s W s W
20—2y2,—4 T\ 22 2y224 = 5 5 = 5
5. Graph each of the following functions:
(a) f(z)=4"

f(x) = 4*




(b) flx) =57"

f(x) = 57X

-4 -3 2 -1 T 2 3 4

(0) fla)=27—1
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(d) f(z)=2"""

N8l ol o
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6. Find an equation for the exponential function of the form f(z) = a® + b given that the graph of f(z) contains the
points (0,—3) and (2,5).

First, using the point (0, —3), we have f(0) = -3 =a® +b=1+b, so —4 =b.

Next, setting b = —4 and using the point (2,5), we have f(2) =5 = a? — 4. Thus 9 = a2, so a = £3. Since a must be
positive, we set a = 3.

Hence f(z) = 3" — 4.

7. Solve the following equations:
(a) 3273w — 32z+1

Using the fact that exponential functions are one-to-one, we must have:
2—-3x=2x+1,or 5z = 1.
_ 1
ThuS xr = 5
(b) 54x — 537;—12
Using the fact that exponential functions are one-to-one, we must have:
dr =3z — 12, or x = —12.



()

25z+1 — 43—2z

We first rewrite so that both exponentials have the same base: 2571 = (22)372% op 252+1 — 96—4z
Using the fact that exponential functions are one-to-one, we must have:
5¢+1=6—4x, or 9= = 5.

Thus z = g

8. Suppose you have $2,000 to invest.

(a)

Find the amount you would have after 5 years if you deposit your $2,000 in an account that pays 6% annual
interest compounded monthly.

(5)(12)

Using the compound interest equation A = P (1 + %)nt, we have A4 = 2,000 (1 + %) = 2,000(1.005)%° ~

$2,697.70

Find the amount you would have after 5 years if you deposit your $2,000 in an account that pays 4% annual
interest compounded quarterly.

)(5)(4)

Using the compound interest equation A = P (1+ %)m, we have A = 2,000 (1 + % = 2,000(1.01)%° ~

$2,440.38

Find the amount you would have after 5 years if you deposit your $2,000 in an account that pays 5% annual
interest compounded continuously.

Using the continuous compounding equation A = Pe”, we have A = 2,000e(-22)5) =2 000e2° ~ $2, 568.05

9. Translate each of the following expressions into exponential form:

(a)
(b)
()

logs z = y
5 ==z
log.5 =1y
¥ =5
log, x =5
v =1

10. Find the ezact value of each of the following:

(a)
(b)
(c)
(d)
()
(f)
)

(g
(h)

logy; (1) = 0 since 21° = 1

log7(0) is undefined since there is no exponent x such that 7% = 0.
logy(§) = —3, since 27% = 1.
log,(27) = 3, since 33 = 27

In(e?) = 2 since In represents log,.
log .0001 = —4 since 10~% = .0001

3
logo (27) = 1.5, since 27 = 3% = (9%) — 9.

7'°87(7) = 7 Dby the inverse property of logarithms and exponentials.

11. Determine whether the following are True or False:

(a)

(b)

23
In (M(x_l)> =3lnz —in(m +1)+In(x—1)

x
False. Notice that In | ——————
alse. Notice tha n((;v+1)(x—1)

> =3lnz —In(z+1) —In(z —1).
eln(z2+1) _ 1’2 +1

True. This is the inverse function property of exponential and log functions.

3z ew2+3w

False. In fact, e . 3 = . The exponents add rather than multiply here.



False. This is not a legal simplification. For example, if x = 1, then . = 2, while In2 =~ .6931.
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e) In(e” —4) =22 —In4

(e) 1
False. The inverse function property does not apply here because of the subtraction operation. In fact, if x = 2,
In (622 f 4) ~ 3.924, while 22 — In4 ~ 2.614

12. Use properties of logarithms to expand the following expression:

log <x422>

Y
= log(a*2?) — log({/y) = log(a) + log(=?) — log(y)
=4logx + 2logz — +logy

- : 2z —1)3
13. Use the laws of logarithms to expand the expression: In W
T —

2 - 5
In (x(acl)2> =Inz? 4 In(z — 1)% —In(z —4)3 =2Inz + gln(:c— 1) = 3ln(x —4)

14. Use the properties of logarithms to write the following as a single logarithm:

3 2
5 log, oyt — 2 log, zhy® —2 log, zy

w

2
3

—log, (z'y®)* — log, (zy)?

= log, (x%ye) - {k)gb ($392) + 10gb($2y2)]
= log, (wgyﬁ) — log;, (w%y2x2y2)
= log, (I%yG) — log, (I%y4)
2.6
xrzy 1
= logy — " = log, x Gy2
T3 Y

15. Use the change of base formula to approximate the following:

(a) logs 10
1
By the change of base formula: log, u = O8q U
log, b
In10
Thus log: 10 = —— =~ 1.4307
1 08s n5
(b) logg 12
1
By the change of base formula: log, u = 98q U
log, b
In12
Thus logg 12 = —— =~ 1.1309
us logg 9
(c) logy5 7
1
By the change of base formula: log, u = 98q U
log, b
In7
Thus log,s 7 = ——— ~ 0.7186

In15
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16. Use logarithms to express 67 in scientific notation.

First, notice that log (678%5) = 245 - log(678) ~ 693.651275

Then 678%45 ~ 10693:651275 — 1(0-651275 % 10693 ~ 4.479968909 x 10993

17. Solve the following equations (give exact answers whenever possible):
(a) 63a072 _ 6475%

By the one-to-one property of exponentials, 3x — 2 =4 — 5z.

Then8x=6,sox:gora§=%

(b) 9%7 = 27(3)*"*!

Notice that all the terms can be written as powers of 3:
(32)2I _ 33(3)21:-{-1’ or 34$ — 32124—4.
Therefore, 4z = 2z + 4, so 2z =4, or © = 2.

(c) logy(32% — 3) = log,(x? + x)

Since the base on both logarithms are the same, by the one-to-one property, 322 — 3 = 22 + x.
Moving everything to one side, we have: 222 —x —3 =0, or (22 —3)(x +1) =0

Therefore, either 2z =3 or x = —1.
That is, either x = %, orx=—1.
However, notice that £ = —1 does not check since you cannot take the logarithm of zero.

Thus the only solution is z = %

(d) logs(z? 4 21) =2
Rewriting in exponential form, we have 52 = 22 + 21, or 25 = 22 + 21.

Therefore, 22 —4 =0, or (z + 2)(z — 2) = 0. Thus either z = 2, or z = —2.
Notice that both of these solutions check, since x2 + 21 is positive when z = £2.

(e) logy(2x) + logy(x — 3) =3

Using the properties of logarithms to write this as a single logarithm, we have:

log, ((2z)(x — 3)) = 3, or logy(22% — 6x) = 3.

Changing this to exponential form, we have 23 = 222 — 6x.

Moving everything to one side gives: 222 — 6x — 8 = 0, or (22 — 8)(z + 1) = 0. Thus either 2z = 8, so z = 4, or
r=-—1.

However, notice that £ = —1 does not check since you cannot take the logarithm of a negative quantity.

Thus the only solution is x = 4.

1
(f) log(Vz +1) = 3
Re-writing in exponential form gives us: 102 = Yz +1

4
Then (10%)" = (Vo +1)", or 10> =2 +1

1
Therefore 100 = z + 1 or 2 = 99. (Notice this this solution does check since +/99 + 1 = /100 = 1002=10* | and
log 102 = 1).

2z—1 =3

Taking the natural log of both sides: In (e%_l) =1In3,or 2z — 1 =1In3.

Therefore, 22 =In3 + 1, so x = MT-H



(h) 42171 — 351

Since the bases are different , we must solve this by taking the logarithm of both sides:
In (425-1) = In (3%%).

Therefore, (22 — 1)In4 =5x1n3, or (2In4)z —In4 = (51n3)z.

Getting every term containing an x to one side and the constants on the other side:
(2In4)z — (5ln3)x =1n4, or 2(2In4 — 5In3) = In4

— In4 ~ _
Hence z = sy 55 ~ —-5096.

18. (a) Suppose you invest $10,000 in a savings account that pays 3% annual interest compounded monthly. How much
money will be in the account after 6 years?

A= P(1+Z)" =10,000(1 + 2)12(® = 10,000(1.0025) ~ $11,969.48
(b) How long would it take $5,000 invested at 6% annual interest compounded continuously to triple?

The continuous interest formula is: A = Pe". So we have 15,000 = 5,000e %, or 3 = €9 which makes sense
since we want our initial investment to triple.
Taking the natural logarithm of both sides gives: In3 = In(e"%%!) = .06t, so t = %—g ~ 18.31 years.

(¢) Find the interest rate needed for an investment of $2,000 to double in 6 years if the interest is compounded
quarterly.

Using the compound interest formula A = P(1 + Z), we have 4,000 = 2,000(1 + £)®©®) or 2 = (1 + )%
Taking the natural log of both sides, In2 = In(1 + %)?* = 24In(1 + %), so 22 = In(1 + %). Exponentiating both
sides, we than have e 37 = eI+ = 1 + i

Hence e'37 — 1 = therefore 4(e'3% — 1) =1, so r ~ .1172, or %11.72

e
19. Suppose that a culture of bacteria that initially has 500 cells grows to 10,000 cells in 12 hours.

(a) Find a function f(t) that gives the number of cells in the culture as a function of time (in hours), assuming that
this population grows continuously and exponentially.

Using the continuous exponential growth equation, A = Pe™, we see that A = 10,000, p = 500, and ¢t = 12, or
10,000 = 500e!?". Therefore, 20 = 12", so In(20) = 12r, and hence r ~ .2496.
Therefore, our function modeling the growth of this bacterial culture is: f(t) = 500e:24%.

(b) How long will it take for the culture to reach 1,000,000 cells?

Using the function f(¢) = 500e-24%6* found above, we solve 1,000,000 = 500e-24%¢ for t¢.

Then 2000 = ¢24%6", 50 In(2000) = .2496¢, so ¢ = 2200) ~ 30.45 hours

20. Suppose a certain substance has a half life of 47 years. If you start with 100 grams of the substance, how long will it
take for the amount to be reduced to 50 grams? How long will it take for the amount to be reduced to 12 grams?

First notice that since we start with 100 grams of the substance and the half-life is 47 years, it will take 47 years for
the initial 100 grams to be reduced down to 50 grams.

Next, to find the time needed for the initial 100 grams to be reduced down to 12 grams, we will need to construct a
model. Let f(t) = Age®" be our exponential decay model with ¢ in years. Then we have:

%Ao = ApeF 47, or % = 27k,

Then In (%) =1In (e47k), or ln( ) = 47k.

1
2

Thus k = "2) ~ —0.01475.

From this, f(t) = Age %017 or, starting with 100 grams and ending with 12 grams:

12 = 100e~0-01475 oy 12— 001475 Thyg In ({2) = —0.01475¢.

12
Hence t = 2(18)_ 14375

Therefore, it would take approximately 143.75 years for the initial 100 grams to be reduced down to 12 grams.




