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Mean Value Theorem refers to
the mean (or average) rate of

change of fon the interval [a, b].

¥ Slope of tangent fine = f'(c)
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{ The “mean” in the

jOSEPH -LOUIS LAGRANGE
{1736-1813)

The Mean Value Theorem was

first proved by the famous mathe-
matician joseph-Louis Lagrange.
Born in Italy, Lagrange held 2
position in the court of Frederick
the Great in Berlin for 20 years.
See LarsonCalculus.com to read
more of this biography. o

) See LarsonCalculus.com for Bruce Edwards’s video of this proof,

Chapter 3 Applications of Differentiation

The Mean Value Theorem

Rolie’s Theorem can be used to prove another theorem—the Mean Value Theorem.

“”‘Gﬁ{%ﬁﬁ!ﬁ 2.4 The Mean Value Theorem

If f is continuous on the closed interval {a, b} and differentiable on the open
interval {a, b), then there exists a number ¢ in (g, &) such that

prg = L=t
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Proof Refer 1o Figure 3.12. The equation of the secant line that passes through the
points (a, f(a)) and (b, f(b)) is

=[] - g + @)
Let g(x) be the difference between f(x) and y. Then

gl = flx) —

=) - [ﬂ%—:{@](x ~ a) = fla).

By evaluating g at a and b, you can see that

gla) = 0 = g(b).

" Because f is continuous on [a, b}, it follows that g is also continuous on [a, b).
Furthermmore, because f is differentiable, g is also differentiable, and you can apply
: Rolle’s Theorem to the function g. So there ex:sts a numbel ¢ in (a, b) such that

(c) = (), which unphes that

g'lc) =0
f(b) f®) ~fa) _

-a

f()

v So there exists a number ¢ in {a, b) such that

I( C) f (b) f (a)

- 4

: Although the Mean Value Theorem can be used directly in problem solving, it is

~ 5: used more often to prove other theorems. In fact, some people consider this to be the
- most important theorem in calculus—it is closely related to the Fundamental Theorem
' of Calculus discussed in Section 4.4. For now, you can get an idea of the versatility
* of the Mean Value Theorem by Eookmg at the results stated in Exercises 77—85 in this
i sectwn

" The Mean Value Theorem has implications for both basic interpretations of the (

4 derivative. Geometrically, the theorem guarantees the ex1stence of a tangent hne that :
- is parallel to the secant line through the pomts S

Aa,fla)) and (b, f(B)),

. "as shown in Figure 3.12. Example 3 illustrates this geometric interpretation of the Mean
* ‘Value Theorem. In terms of rates of change, the Mean Value Theorem implies that there
- must be a point in the open interval (g, b) at which the instantaneous rate of change is
. equal to the average rate of change over the mterval la, b} Tlns is 111ustrated in Example 4.
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Chapter 4

Integratien

THEORER £.8 The Fundamental Theorem of Calculus

If a function fis continuous on the closed interval [a, b and F is an
antiderivative of f on the interval [a, &), then

f £ dx = Flb) — Fla).

Proof The key to the proof is writing the difference F(b} — F{a) in a convenien:
form. Let A be any partition of [a, b].

AT Xy <X <Ky <L X, <X, =D

By pairwise subtraction and addition of like terms, you can write

= Fla) = F(x,) = Flx,_ ) + Flx,_,) =« -« =~ Flx} + Flx) = Flx)
n
= E{F(x-) — Flx,_ )1
By the Mean Value Theorem, you know that there exists a uumher ¢ m the Ith:
_ submterval such that :
' Flx,_ : . ' ' '
Py =T fuzd) SR
x,- - x,' i .

-Because F'(¢;) = fl¢;), yon can let Ax, = %Xy and obtam _
- Flb)~ Fla) = Zf ) Ax;,
S =

“This important equation tells you that by repeatedly applying the Mean Value Theorem.

you can always find a collection of ¢;’s such that the constant F(b) — F{a) is 2 Riemann

sum of f on [a, b] for any partition. Theorem 4.4 guarantees that the limit of Riemane - -

: - sums over the partition with HAII — O exists. So, takmg the hrmt (as ”AH - O) produce\.__ _'

_ i 1, Provided you can find an antiderivative of f, you now have a way to evalnate
- , - a definite integral without having to use the limit of & sum. SR
;2. When applying the Fundamenta] Theorem of Caiculus the notation shown T

F(b) F(a f flx)dx.

- 'See LarsanCalculus.com for Bruce Edwards’s videa of this proof. L R i

i GUIDELINES FOR USINGTHE FUNDAMENTALTHEOREM OF L
i CALCULUS o L

A

below is convenient.

ff(x)dxm x)] ‘-Fb)

For instance, to evaluate [7 x> dx, you can write.

o Pt 811
flxd" ']1 i ua

3. It is not necessary to include a constant of integration C in the antiderivative.

'rf(x) ax=[rw + ] = 1) + €1~ [F@ + I = FO) ~ F@)
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4.4 The Fundamental Theorem of Calculus 277

& Evaluate a definite integral using the Fundamental Theorem of Calculus.
& Understand and use the Mean Value Theorem for Integrals.
@ Find the average value of a function over a closed interval.
@ Understand and use the Second Fundamental Theorem of Caleulus.
- & Understand and use the Net Change Theorem,

The Fundamental Theorem of Calculus

You have now been introduced to the two major branches of calculus: differential
calculus (introduced with the tangent line problem) and integral calculus (introduced
with the area problem). So far, these two problems might seem unrelated—-but there is
a very close connection. The connection was discovered independently by Isaac Newton
-and Gottfried Leibniz and is stated in the Fundamental Theorem of Calculus,
Informally, the theorem states that differentiation and (definite) integration are
inverse operations, in the same sense that division and multiplication are inverse
operations. To see how Newton and Leibniz might have anticipated this relationship,
consider the approximations shown in Figure 4.27. The slope of the tangent line was
- defined using the quotient Ay/Ax (the slope of the secant line). Similarly, the area of a
region under a curve was defined using the product AyAx (the area.of a rectangle). So,
© at least in the primitive approximation stage, the operations of differentiation and definite
integration appear to have an inverse relationship in the same sense that division and
-multiplication are inverse operations. The Fundamental Theorem of Calculus states that
the limit processes (used to. deﬁne the derivative and definite mtcgral) preserve tius i
mversc relanonshlp ' : . Y

Areaof
region
under
curve

Ay

T e e e ey

...........

_ : _ " Area= AyAx Area=AyAx
. (&} Differentiation ' (b} Definite integration '
" -Differentiation and deﬁmte mtegratlon have an “inverse” relationship.
Figure 4. 27 : '

" ANTIDIFFERENTIATION AND DEFINITE INTEGRATION

. Throughout this chapter, you have been using the integral sign to denote an antiderivative
: {a famuly of functions) and a definite mtegra! (a number).

b
. .Apt_idiff_ere_ntiatipn: j fixpdx - - Deﬁnite intagration; f f(x) dx

The use of the same symbol for both operations makes it appear that they are related,

In the early work with calculus, however, it was not known that the two operations were
- related. The symbol [ was first applied to the definite integral by Leibniz and was derwed
= from the letter §, (Le:bmz calculated area as an infinite sum, thus, the letter S.)
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Definition of Limit
Let f be a function defined on an open interval containing ¢ (except possibly
at ¢), and let L be a real number, The staternent

lim flx) = L

means that for each & > 0 there exists a § > 0 such that if
O<|x—c|<8

then

|fx) —L| < &




