Math 127
Long Division or Polynomials and Synthetic Division Handout

Long Division Examples:

523 — 4a? + Tx — 13
x4+ 2

1. Find:

a2 — 14z + 35
x+2) ba® —4a® +7x—13
— 523 — 1022
— 1422 +7x
1422 + 28z
35z — 13
—352—70
—83

_r.3 2 —83
= bx° — 4x —|—730—13—1—I—+2

2t — a2 +7x—3

2. Find:
z—3
223 + 6224+ 172 + 58
r—3) 2zt —2? +7x -3
—2z* + 623
T ——
— 623 + 1822
1722 4 7x
— 1722 + 51z
58z —3
— 58z 4174
171
=22% + 622 + 172 + 58 + 17%
Synthetic Division Examples:
2 _
1. Find: 42" +3z -5
r—2
4 3 =5
2 8 22
4 11 17
=4z + 11+ 15
3_ 9.2 _
2. Find: v o7 +dr -1
x+3
1 -3 4 -1
-3 -3 18 —66
1 -6 22 —67

:x2—6x+22+;—$

3. Find:
o 21 + 3
2zt —4a® +6a2% — 12—796 —1—%
2z +3)  4xd — 2zt + 22 —11
— 4% — 62
— 8z*
S8zt + 1223
1223 4 22
— 1223 — 1822
— 1722
1722 + 52—11‘
51
2r —11
_#, 153
_ 197
1
__ 9,4 3 2 17 51 —197
= 22" — 4x° — 6x — 3T+ 7+ 1ty
3zt — 523 + 722 -5
4. Find: :c v
224+ 22 —1
32 — 11z + 32
x2+2x—1) 3zt —bad 4722 )
—3z* —62° 4322
— 1123 + 1022
1123 + 2222 — 11z
3222 — 11z —5
— 3222 — 64z + 32
— Thx + 27
=32% — 11z + 32 + 0521

45 — 224 + 22 — 11

r24+2x—1

3. Evaluate f(4) if f(z) =2+ 72 -5

1 0 7 =5
16 92

1 4 23 87

So f(4) = 87

4. Evaluate f(—1) if f(x) = 2* — 223 + 522 + 7x — 11

1 -2 5 7 11
—1 —1 3 -8 1
1 -3 8 —1 —10

So f(~1) = —10



The Remainder Theorem: If a polynomial is divided by the factor = — ¢, the the value of the remainder r is equal to f(c).
The Factor Theorem: For any polynomial f(x):

(a) If f(c) =0, then (x — ¢) is a factor of f(z). That is, f(x) = (z — ¢)q(z) for some polynomial g(z).
(b) If (x — ¢) is a factor of f(z), then f(c) =0.

The Rational Root Theorem: If f(z) = a,2" + ap_12" "1 + -+ + a1 + ap is a polynomial with integer coefficients and

P is a rational zero of f(z), then p is a factor of the constant term ag and ¢ is a factor of the leading coefficient a,.
q

Example: Let f(x) = 323 + 72? + 262 — 7. Using the rational root theorem, since ag = —7 and a,, = 4, we must have:

p = 41,£7 and ¢ = £1,+2, +4, hence % = :t?,:l:%, :I:g,:l:l,:l:%, :I:i is a complete list of all the possible rational zeros of
f ().

We will use synthetic division to show that x = i is a zero of this polynomial function.

=

From this, we see that f(z) = (z — 1) (42 + 822 4+ 28) =4 (z — 1) (2? + 22% +7)

To find the other zeros of this polynomial, we can apply the quadratic formula to the remaining quadratic polynomial
2 2
y=ux°+2x"+7.

—24+/4—41)(7) 2424
2(1) N 2 B

Then x = —14iv6. Thus = —1+iv/6 and & = —1—i+/6 are zeros of this polynomial.

To verify this, suppose we multiply the related factors:

(r+1—ivV6)(z+1+iv6) = 22 +2—ivbr+ax+1—ivV6+iv6+iv6—i2-6 = 22 +22+1—6i> =22 + 20 +1+6 = 22 + 22+ 7
Hence the zeros of this polynomial are x = i, z=—141iv6, and z = —1 — i\/6.

Notes:

1. If f(z) is a polynomial of degree n, then, counting multiple roots separately, f(x) will have n roots.

2. Complex roots always come in pairs. That is, if a 4 b7 is a root of a polynomial with real coefficients,
then the conjugate a — bi is also a root of the polynomial.



