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Vibrations of Molecules:

Frequency of vibration — classical approach

Model approximates molecules to atoms joined by
springs. A vibration (one type of — a normal mode of

vibration) of a CH, moiety would look like;
Water (3) http://www.youtube.com/watch?v=1uE2IlvWVkKW0

CO, (4) http://www.youtube.com/watch?v=W5gimZIFY6I
2
Ega 2

02 (1) http://www.youtube.com/watch?v=5QC40VadKHs

http://en.wikipedia.org/wiki/Molecular_vibration

The motions are considered as harmonic oscillators.

For a molecule of N atoms there are 3N-6 normal
modes (nonlinear) or 3N-5 (linear).



During a molecular vibration the motion of the atoms
are with respect to the center of mass, and the center of
mass is stationary as far as the vibration is concerned.

This concept is true for all normal modes of vibrations of
molecules.

Working with center of mass coordinates simplifies
the solution.

T T MaRa

Center of mass coordinates . L

reduced mass, g it = s

- dx
“ F=pa=p—
~ R

F = —kx

Spring extension of a mass y from it’s equilibrium position.

The physical picture changes from masses (m, and m,)
connected by a spring (force constant k) to a reduced mass,
M, connected by a spring (same k) to an immovable wall.
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Vibrational motion - harmonic oscillator, KE and PE
— classical approach

Center ¢f mass, does not move.

Diatomics: / e Lh
—_—— 0] N EN{
thmh -

Force constant of spring = k&

Whether pulled apart or pushed together from the
equilibrium position, the spring resists the motion
by an opposing force.

F = —kx

x = [xm](t) + xmz(t)l - [xml + xmz}equilibrium

_ dx
TR 2

Second Law F = g,
d
—) p,—;v+kx=0

dt

I

F = —kx

Solutions (general) of the DE will be of the form;

Viiksu e LT TN T Use Euler’s Formula

=gt VR Cae
k . k k L k
x(t) = ¢y cosy[—t + isin,/—t | + ¢y cos,[—t — isin,[—t
w M w M
k k
x(t) = bycos,|—t + bysin,|—t
o ®

where b =c +c, and b, =i(c,—c,)

Ly =



Amplitudes are real numbers, b; and b, are real or = 0.

Applying the BC, at t = 0; x(0) = 0, v(0) = v,
k - :
x(0) = b]cos<\/:>< O) =b=0
"
d
V(Q):( x(t)) = by, kcos<\/z><0>=bz1l£ and
dr /=9 W w M
b2 = 4 /%VO -T.

Therefore:  x(r) = \/%vo sin kz ‘ x=0

“ v=vo

angular velocity =o = \/E =27v
7

where v = frequency  «a = phase angle

General equation; x(f} = A sin [wt + a)

Energy terms (KE, PE) are;

KE:lyv2 PE=Lie
2 2

where v and x are velocity and position
(displacement from equilibrium).
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k k
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2 No restriction on

1
E = kx> and  Ejjperic =
potential — 5 kinetic E values, classically.

1
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Study Example Problem 18.1



| EXAMPLE PROBLEM 18.1
For o harmonie oscilkator described by 1{e]) = Asinfer + o), i = [&p)"7, answer
ihe Toflowing guesions.
. What are the units of A? What role does o have in this equation?
b Craph the kinetic and potential energies given by the lellowing equstions as o
function of time:

1

I
Epieree = 5" and Ep,,,

1
L Yrah
_2""

€. Show that thie sum of the kinetic and polential energies is independent ol time

Solution
a. Because x(r) has the units of length and the sine function is dimensionless,
A must have the units of length. The quantity « sets the value of xat+ = 0,
because x(0) = A sin{a).

In the following figure, the energy is expressed in increments Of(l/2);uu3f'|2 and we
have arbitrarily chosen @ = /6. Note that the kinetic and potential energies are out
of phase. Why is this the case?

Eranmibemnni
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b. We begin by expressing the kinetic and potential energies in terms of x(7):

R B | (ﬂ)z
kinetic 2’-‘ 25‘- dr
= 'l—; (Am cos (wr + a:))2

1
Epurmriaf . E k x

=

155
= —pw’A%sin® (w1 + a) because w = , [—and k = po’

r. The dashied ling in the preceding figure is the sum of the kinetic omd
potential energics, which is o constanl. This can be vesified algebraically by
adding the expressions [or Eye, a0 ot

" | Loiogroniy
Eort = 'lmu!ﬁ!um:! [awr + ce} + SHar A sin {aat + )

! . "
_—r#wlﬂlluu!pz [ead + nr]'i sin® fod + r.l.l]

I gy
- Ep.w A
Moe that the sam of the kinetic and posemial energies 15 idependent of tme, &5 must
e the case, becnwse no energy 15 mlded 1o the system aller the initial sireiching of the
spring and there is no mechanism such us fictional forces for losing energy



Harmonic oscillator potential function

http://www.youtube.com/watch?v=5QC40VadKHs
| | |
¥l o | | Harmonic oscillator potential function
s I | | P
' [ / Morse curve
= (| /
| | _."
Il | .-'-I
|
|
1
I i
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—
Similar for low energy situations ~ ground state
https://www.youtube.com/watch?v=3RqEIr§NtMI

Our interest is to model the oscillatory motion of the
diatomic molecule (relative motions of atoms).

Also — of interest kinetic and potential energy of the
diatomic molecule during the oscillatory motion.

Not necessarily the energies of individual atoms of the
molecule.

The ultimate goal is to find the (eigen) energies and the

eigen functions (wavefunction) of the vibrational states
of the diatomic by solving the Schrédinger equation;

FI«// =Ey.

At room temperature
the potential function
very closely follow
the quadratic
function.

Vibrational motion is
equivalent to a particle
of mass p, vibrating
about its equilibrium
distance, r,,.

How can a particle like
that be described by a
set of wave functions.
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The Simpie Harmonic Osciiiator

Potential energy surface

Energy’| i
\ /
\ /
\ Ivi '
\‘ ! rFia| = L
\ / -
\ /
\ /
\ /
\ /
\ /
N X

Recipe to Construct the Schrodinger equation

1. Expression for total energy (classical)

2. Construct the total energy Operator, the Hamiltonian,
by expressing KE in terms of momentum operator
and mass, PE in terms of position operator.

3. Setup the Schrodinger equation, eigenequation



1. Expression for total vibrational energy,

E =KE+PE=%;¢V2+%kx2

tot vib
2
e
2u 2

2. Construct the total energy Operator, the Hamiltonian

2
7RI B W PN [
2u 2 2ul\ dx 2

dr,(x) = .rlr_.H,i{frl J.rjlr*"‘”"':, forn=10,1,2, ...

L e
H (a"?x) = Hermite polynomials

| o\ /4
A, = —
V2! \T
n = vibrational quantum number

Hermite polynomials :

2 d" 2
H — _1 n _z —Z
(2D)=(1D"e PR

n
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3. Set the Schrodinger equation, eigenequation
Hy = Ey

B2 AR (x) kil B
T al + len(x) = E,,(x)

Solutions (i.e. normalized wavefunctions, eigenfunctions)
of which are;

th,(x) = _4”H”{ﬂ' J.t‘jlr*"‘”"':, forn=10,1,2, ...

| a\ V4
With the normalization constant A, = —

V2! \T

The first six Hermite polynomials

H.iz)

|

2

412

o
16:% — a8t +12
32z 16t 4 120z

Lh & | | = D |=




1/% .
The first few T e [.‘_‘.‘.} LT
. - o
wavefunctions
(n=0,.3) Ay I

1

14
(1] rl . ! .
ir) = ( ) {3oad — Ayl

i
The respective eigen energies are;

ki 1
E, =&,/
E, "1\. i :I

zpe

The first few wavefunctions, l//f n=0,.4)

E [im undis of hs)

Note ‘the resemblance to 1D box.

s
-[\;.—— j‘}=.l'r'.'(r| + ) withw = 0,1,2.3,...
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The first few wavefunctions, 7, (n=0,..4)

Note:
the resemblance to 1D box non-infinite potential well results.

Equal energy gaps are equal in contrast to 1D box case.

-
R 5 ]
- L o
L! s E
—l’ L f =
L Ly
R . -
= s =2

The constraint imposed on the
particle by a spring results in zero point energy.

The energy values of vibrational states are precisely
known, but the position of the particles (as described
by the amplitude) is imprecise, only a probability
density ¥2(x) of x can be stated, [x, H]#0.

Note: the overflow of the wave function (forbidden) of the
wavefunction beyond the potential barrier wall.



At high quantum numbers 7 (high energy limit) the system
gets closer to a classical system (red - probability of x in
q.m. oscillator, blue - probability of x classical oscillator).

n=12

||
il =2 >

I LUl i high low high
COA AT
Blue to black, a particle in a

high low high barrel classical model.

Rotational energies of a classical rigid rotor (diatomic).

In vibrational motion, velocity, acceleration and
momentum are parallel to the direction of motion.

No opposing force to rotation —
no PE (stored of energy) term.
All energy = KE.
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In the center of mass coordinate system, rigid rotor motion
equivalent to a mass of p moving in a circle of radius

1, (= bond length, constant) with an angular velocity » and
a tangential velocity v. Rotation in 2D (on a plane)




p = linear momentum

Angular velocity vector

\.
Nrgasa

RHR

Angular velocity (~ momentum)
vector normal to the plane of motion.
(coming out of the plane)

OM Angular momentum (2D):

I=rxp

[ = prsing = Mvrsind)r

Energy

Rotational: ™

angular momentum Magnitude of 1=/

- .
[
= p=—
,
Irrj B 2 B I Classical rotor - no

1_; restriction on
! (orE.

E,U- Ilu r
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U (O
Acceleration in the radial direction =
r
Angular velocity o and angular acceleration a,
do dlw| d%0
| =" and a=“—="
d dt dt
Mass with constant ® makes o =0
o ) rdo
Tangential linear velocity, V = ; =rw
| i I a il ] 1
E’l'\.‘.'.'li'.'.l." = -,lu-'l"'- = f-“' e T _r.lrfl'.-'_
s & LYJ Fs
2F ) )
= 7= 1, moment of inertia

The rotation on the x,y plane (2D) occurs freely.

Equivalently the particle of mass p= moves on the circle

(constant radius r =r1,) freely, E,,

E,,. =KE+PE=KE=

i

~2
2u 2,u ax
SE:
N (azw(x,w N a2w<x,y>) )
2’”’ axl ayZ r'=roy -

= V(X,Y) =0

P(x,y)



2 2
In polar coordinates | — h_ &W’) = ED(¢)
; . 2 2
(variable is ¢): 2prg  do
Rotational

General solution for DE), wavefunctions:

B} = dyge! ™1 and  D_(d) = Age I

m; = integer I X
clockwise counter-clockwise
rotation rotation

m, = rotational quantum number, quantization, next page

BC: @(¢) = D(p+27) eigenfunction.
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() = Aygel ™l

and  B_[{d) = Age ! Imld

BC: ®(g)=D(p+27)

im;¢ — e[m1(¢+27r)

e
eim,¢ — eim1(¢+2ir)
ie. " =1

=e

im,¢eim, 2z

Using the Euler’s Formula

Now; cos(27zm,)+ising27in,) = 1

cos(2zm;) =1

Therefore m,=

real number
0,+1, £2,...

Note: One boundary condition leads to one q.n., m,.

10
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i i Normalization constant A _;
B (d) = Appet ™ gnd | D_{d) = Ay Ml0 w0
2
oY dg=1
BC: ®(g)=D(p+27) ! (DD, (P)d ¢

. . 2

oMb — pim($+27) Norrr.le?hzatmn 42 J‘ oMb otimd ] $=1

. . . ‘ condition +4

e*1m1¢ — efzm,(¢+27r) — e*1m1¢eﬂm,2ﬂ 0

ie. e =1

2z
£, [ dg=1  4,(27)=1
0

Now; cos(—27rm,)+is/in(,-27z/m,)=1 1

A, =——
thus cos(2zm,)=1 real number Y or
Therefore m,= 0, £1, +2,...

Normalization constant A ,,;

1 +i
D, (f)=—=e""
Normalization T ] 27
condition _[ q)m, (¢)(D m (¢)d¢ =1 Rotational wave function
0 3 il T
- . m, is an integer. f )
A, [ e mag=1 TRALE
o B
2z real/pért
£, [ dp=1  £,(27)=1
0 1

+imy g __

L . D (9)= ﬁe N (cos m,¢ + 1 sin m,¢)
+4 \/E

Same regardless of m; value.

Stationary state - exist

11



eiim,¢

(Di(¢) = ﬁ

Non-stationary state
- Unacceptable wavefunction, annihilates

Energy of rotational states:

timyp

®.(4) = J;—”e

w d(9) E0(9)

- 2urd d¢2\/

e T | oy
fitmp oy

2ury

Ew = for my = 0, il +2, £3,

Degenerate states

Note; No non-zero ZPE. two fold degenerate
ZPE appears if the potential (of equal energy)

energy confinement exists,
not here ( V(#)=0)

2 2
E:—lll = H:11602
2ur; 20 2

0=, fE and angular momentum |l| lo

o

m, being an integer, rotational frequency o will take
finite values. — discrete set of rotational frequencies !

For 2D rotor, [ =1,.
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12



The wavefunctions, .... of a rigid rotor are similar
to the wavefunctions of a free particle restricted to
a circle (particle in a ring)!

Angular Momentum — 2D rigid rotor.

Operator: ?Z = —iﬁi angular analogue of momentum

o¢ ®.($)=——e™ wave functions
x N
— il of g

e Tap (] =

e V2 e
- & 1/ ST e
- '_ t’ impl +imy fidb | i )
LYARE v

Angular momentum (in z direction) is quantized!!

—~ A~

Note: for 2D rigid rotor both[fl, 1, have same o, [H,l:]=(
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5 I 5 5

llr:'I-'r.'.ll.-'.'.l." = -,lu-'l"'- = .J.F-"- P = = fo™

For a rigid rotor, angular momentum lies in the z direction.

Angular momentum z component operator;

o¢

Note: for 2D rigid rotor |H,[:]1=0
Both operators has the same eigenfunctions.

Hence angular momentum (z component) for this case can
be precisely measured.

But the position, here represented by ¢, cannot be measured
precisely; the probability for any interval of d¢ is the same,

P(6) dd = D ($)D(d) db [4,0:]1%0

1\ .. 4 '
<—) e :Ellﬂ[d,eq:llﬂ[d, dd)
V2

de

2

13



OM Angular momentum (3D):

2
Particle on a circle (2D).
To
T T, J-'
: . B

o, ;I‘ z
Ui ,
T X

e

2D 3D
Particle on the surface of a sphere (3D).

PE confinement — none; V(0,) =0
Set PE operator set to zero. E =KE + PE=KE

KE (energy) operator for rotor in polar coordinates:

1 r
| w1 e 9 1@ !
VH ot = 2|: N 7(8in0 ) + = 3 3 -
! 2urgLsing 96 a0 sin“d 9 !
e e e e e e e e e e e e e e e e e e e e —— e ———— — ———— 1
SE: Note the form of H ,or
2 5 av (o, v (0, '
B ﬁz{Al i(mo ( <b)>+ -12 (zd))}:EYO,qb)
2urgLsing 96 a0 sin“g  d¢

Wavefunction; Y (6, ¢) = O(0)D(¢p)

3/19/2017

5%

Il
“/u\:

Classical 3D rotor Particle of mass p on the surface of

a sphere of radius r.

Just the steps in solving the SE for rigid rotor

2
a. collect the constants: |g = 2urok note
ﬁ2

b. multiply by sin?6, rearrange to get

0 (L 0Y(0.9) - 7Y(0.)
sin 05 <sm 0 20 + [Bsin“0]Y(6,¢) = —7
~— —— —
Differentiation only w.r.t.; & @

Therefore Y (6, ¢) = ©(0)P(¢) ;separation of variables
possible.
spherical harmonic functions

14



c. substitute for Y(0,9) divide by @(0)D(9), we get

5 }
>+Bsin20= *—q)(l(b)dj)(;zd))

- 1 6_
a0 " ap o

d ( _dO(0)
sin 6
Because each side of the equation depends only one of
the variables and the equality exists for all values of the
variables, both sides must be equal to a constant.

. d (. d®(9)> .5 2-
— + =
=) ) sm()de (sm() 70 Bsin“ 6 = mj
1 P

= @)

d ( d0(0)
sinf®—| sin @
do

+ Bsin? 0 = mf
a(0) 70 > B sin mj

solutions

BC leads to more q.n.;

lg=tr+1)] fodr=0,0.23]. una

For a given q.n. [ there are (2/ +1), m,; values. That is the
state described by a / quantum number is comprised
of (2/+1) sub-states of equal energy.

Degeneracy of state with q. n. /, is 2/+1.
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1 dD() )

= —mj

D(¢p)  dep?

solutions U

ol = Ape"™® and: P_(d) = A4

BC leadstoq.n;ramy = 00, 1,2, 3, ...

o= 0, £, £2,E3, 0

spherical harmonic functions written in more detail
would take the form:

Yig gh) = F8, de) = B0 )by, [ gh)

Energy of degenerate states of q. n. / :

2ur,E 21

= p=T = E=IUAD

2
E = FL I(I+1) quantization of
21 rotational energy

15



. h’
Eigen-energy: |E, =—I[(/+1)
21
Verifiable in SE:
N !
| i YI'(0.9) = 1+ DYP(0.). ! forl = 0,1,2.3, ..
| — 1
e e e e e e e e e e e
H .ot Spherical harmonics are eigen functions of the total

rotational energy operator. mmp
All m, states of a 3D rotor has the same energy, £, !

(degenerate)

the quantum number m, determines the z-component of the
angular momentum vector /.

N K2 '
NOW; H?Otal Y}ﬂ[(a’ d)) = Zl(l + I)Y?nl(ga ql))

and therefore
Pymia, ¢) = A0 + 1) Y78, ¢)

Note that the above operators differ only by the
multiplication constant (1/21), thus the eigen values differ

~2

by (1/21). s

Also note the calculated (and measurable) angular
momentum quantity (of precise (eigen) value) is that of | /2|
(therefore [I]).

HEINI(E))
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Quantization of Angular Momentum

As will be seen later, the shapes, directional properties
and degeneracy of atomic orbitals are dependent on the
q.n. / and m, vales associated with these orbitals.

| ~2 h

2 . !

For 3D rotor; E,, :l—:>: H:L !
21 21

Constant for rotor.

Therefore both operators have a common set of
eigenfunctions. The operators should commute!

[H,1=0

Components of the angular momentum in X, y and z.

The respective operators are (Cartesian coordinates):

X I P
{.= -."?'JLT _” = s )
i il oy
- o a
l, = —r'.ﬁ(:'_' — = )
X 7
n o g
[.= —j."l(.r_— = 1f—)
2 oy X

16



The respective operators are in spherical coordinates

would be:

I,= —n*r[(\-nm u'r— -

(R. 05 ”

.;_. - —rfr[\ .'Jrzl,f,-jl

However, angular momentum wavefunction is an

cot # sin -

=1(9)

o
il

oy

;)

1

cot B cosdh—

7)

= f(0,9)

2
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The following commutator relationships exist.

j-.-ir.! =y H:'l}:
U L]=il, |} =0

[." 1,] = ifl,

The component operators do not commute with one another

As aresult the direction of vector I cannot be specified
(known) ‘precisely’for rotations in 3D in QM systems as
opposed to classical 2D rigid rotors. Need to know all
vectors at the same time to specify direction of vector /.

Conclusion —

Spherical harmonics are eigenfunctions of /> and L .

Magnitudes of both |/| and /, can be known simultaneously
and precisely, but not the x and the z component values
of the angular momentum vector, / .

Note/ 325 ]= 0
show explicitly: = *°°

eigenfunction of the Hamiltonian too and therefore, *ZT
PYre, é) = K01 + 1) Y8, )

Yid,d) = ¥, ) = @)D, (b)

Examining /; —_
d 1 ;
L70.6)) = 000)| <o (=)
= mAEO(0)D($) 1
T . =mh

form; =0, 1, £2, £3, ..., £

17
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The Picture: Vector model of angular momentum

— — Example / =2 case.
ommute afd /., /, and /, do not commute. my = 0, 1, 2 '

with one another. Example [ =2 case. PR
I

m; =0, £1,£2 [ 1]=~/I({+Dh
I, =mh
h &
my=+2 ‘
L .
T,
[T TR FFLY i % [T TR FE
v g e _
Y

18



3/19/2017

Spatial quantization

Vector model of angular momentum

Spherical harmonic wavefunctions Y7"(, ¢) = G)f"l(a)(bml(d))'
and their shapes:

1

— 0 __
=0 %o =
1/2
Y1(0,¢) = <%) cos 0
=1
12
Yi'(0,¢) = <%) sin
12
Y3(0, ) = (%) (3cos?6 — 1)
=2 Yil(e ¢7) = <£>1/2 sinBcOS
20.0) = (5
- visualization — 15 \1/2
+2 N .2
not possible. Y3°(6,¢) = <327T> sin e
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