Section 3.4 – Algorithms for Whole Number Multiplication
Review the definition for multiplication of whole numbers. 

Repeated Addition. Given a whole number a ≠ 0 of equal sets, each containing b elements, 




          we define 
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 and 0 · b = 0. 

Cartesian Product. Let A and B be two finite sets such that n(A) = a and n(B) = b, then ab = n(A × B).

Multiplying by Powers of Ten


A general rule often given students when multiplying numbers that end in zeros is multiply the numbers with the zeros at the end of the numerals dropped, count the number of zeros that were ignored and tack them onto the end.
Why does this work?

Note that 100 ∙ 1,000 = 100,000 since 100 ∙ 1,000 
= 102 ∙ 103 
Exponential Notation






= (10 ∙ 10) ∙ (10 ∙ 10 ∙ 10) 
Factor Form





= (10 ∙ 10 ∙ 10 ∙ 10 ∙ 10) 
Associative Property of Multiplication




= 105 
Exponential Notation




= 100,000.
Standard Notation

In general, 10m ∙ 10n = 10m+n.

Example:
3,000 ∙ 400 
= (3 ∙ 103+ 0 ∙ 102 + 0 ∙ 101 + 0 ∙ 100) ∙ (4 ∙ 102+ 0 ∙ 101 + 0 ∙ 100)
Expanded Exponential 



=(3 ∙ 103) ∙ (4 ∙ 102)
Multiplicative Property of Zero and Additive Identity



=  (3 ∙ 4) ∙ (103 ∙ 102)
Commutative and Associative Properties of Multiplication




= 12 ∙ 105
Basic Facts and Exponential Rules




= 12 ∙ 105 + 0 ∙ 104 + 0 ∙ 103 + 0 ∙ 102 + 0 ∙ 101 + 0 ∙ 100     Same as 2nd reason above.



= 1,200,000
Standard Notation
This justifies the shortcut rule often given to students. Solve the problem by multiplying 3 ∙ 4 =12, count the five zeros at the end of 3,000 and 400, and then writing the final product as 1,200,000
Algorithms for Multiplication of Whole Numbers.


1.
Partial Products Algorithm (Intermediate Algorithm)
This algorithm is similar to the partial sums algorithm for addition. The procedure is to multiply one pair of digits at a time.  
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Justification









2
1
(7 × 3 = 21)


47 × 13 = 47 × (10 + 3)




Expanded Notation



1
2
0
(40 × 3 = 120)

              = 47 × 10 + 47 × 3



Distributive Property …




7
0
(7 × 10 = 70)


              = (40 + 7) × 10 + (40 + 7) × 3

Expanded Notation




+
4
0
0
(40 × 10 = 400)

              = 40 × 10 + 7 × 10 + 40 × 3 + 7 × 3
Distributive Property …
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              = 400 + 70 + 120 + 21


Basic Facts & Multi. Powers of 10














       = 611


Note that with this algorithm it does not matter the order in which digits are multiplied. (commutative property)


Use the Partial Products Algorithm to show 124 × 135 = 16,740.


2.
Standard Multiplication Algorithm 


This is basically an abbreviation of the partial products algorithm.
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Justification
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1
(47 × 3 = 141)


47 × 13 = 47 × (10 + 3)

Expanded Notation
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0
(47 × 10 = 470)

              = 47 × 10 + 47 × 3
Distributive Property of Multi. over Add.
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              = 470 + 141 = 611












(Note the justification uses the distributive property.)


Use the Standard Multiplication Algorithm to show 124 × 135 = 16,740.  
3.
Lattice Multiplication Algorithm


This is basically the partial products algorithm recorded in a different format.





47 × 13 = 611



Use the Lattice Multiplication Algorithm to show 124 × 135 = 16,740.


4.
Russian Peasant Algorithm.


The procedure is to create two lists by taking half the first factor and double the second factor (dropping the remainder each time) until the value of the column for the first factor is one. Then, cross out the terms in the second column that correspond to the values in the first column that are even. Finally, add the remaining values in the second column.




47 × 13 = 611

Justification: first step is in detail the remaining steps are abbreviated




47

13
47 × 13 = (1 + 23 × 2) × 13 = 1 × 13 + (23 × 2) × 13 = 13 + 23 × (2 × 13) 





23

26
= 13 + 23 × 26 = 13 + (1 + 11 × 2) × 26 = 13 + 26 + (11 × 2) × 26 = 13 + 26 + 11 × (2 × 26)





11

52
= 13 + 26 + 11 × 52 = 13 + 26 + (1 + 5 × 2) × 52 = 13 + 26 + 52 + 5 × 2 × 52





5

104
= 13 + 26 + 52 + 5 × 104 = 13 + 26 + 52 + (1 + 2 × 2) × 104 





2

208
= 13 + 26 + 52 + 104 + 2 × 208   (Note: we do not pick up a term in the even case.)




1

416
= 13 + 26 + 52 + 104 + 1 × (2 × 208) = 13 + 26 + 52 + 104 + 416






611

= 611









(Note that the justification uses the associative, distributive, and identity properties.)


Use the Russian Peasant Algorithm to show 124 × 135 = 16,740.

Example of Language of the Blocks in Base Four Multiplication
Multiplication—Base Four

We use multibase blocks with the repeated addition definition of multiplication and an algorithm similar to the whole-group algorithm for addition.
	
	B
	F
	L
	U

	
	
	2
	0
	3

	
	×
	
	
	3

	
	
	12
	0
	21

	
	
	
	2
	

	
	1
	2
	2
	1


(We must translate the problem 
into the language of the blocks.)


On the top part of my desk, I will put 2 flats no longs and 3 units. 
(Now attach meaning to the multiplication sign.)

Now from the 
box, I am going to take out 3 times as much wood as I see on the top part of my desk.  I will put that wood on the bottom part of my desk. And I am trying to find 
out, how much wood I now have on the bottom part of my desk. 
(Next, solve the problem.)
I put out 12 flats, no 
longs, and 21 units on the bottom part of my desk. I must play the exchange game. I exchange 20 units for 2 longs that gives me 2 longs and leaves me with 1 unit. Also, 

I exchange 10 flats for 1 block that gives me 1 block and leaves me with 2 flats. 
(Summarize.)
So, 
on the bottom part of my desk, I have 1 block, 2 flats, 2 longs, and 1 unit.
Base Four, Five, and Six – Multiplication of Whole Numbers
Directions.  Use multibase blocks to complete the following problems using the repeated addition definition of multiplication and an algorithm similar to the whole-group algorithm for addition.  Complete a step physically and state verbally, then record the results of the step before proceeding to the next step. 

base four
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base five 


1
0
4
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4
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0
4


×

3

×


2


×

1
0
base six 


1
0
5
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3
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0
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More Practice. Make up and complete several problems..

Homework and Practice Exercises
1.
Use each of the four algorithms to find the product for each exercise: 
Russian peasant, partial product, standard, and 
lattice.


(a)
   37
(b)
 704
(c)
   258
(d)     348
(e)
   8076


×69

×46

×608

×  57

×4210
2.
Use each of the three algorithms to find the product for each exercise in the indicated base: 

partial product, standard, and lattice.


(a)
base three
(b)
base four
(c)
base five
(d)
base six
(e)
base eight



 121

230

 243

352

  627



×12

×32

×24

×54

×754



3.
Examine each problem carefully and determine the base that was used to work the problem.


(a)
   32
(b)
  214
(c)
  2134
(d)
  142
(e)
  421



 × 3

  ×  3

  ×  10

  ×  5

  ×13


222

1050

21340

1103

5673
4.
Correct each student’s quiz. Identify any errors that have occurred. If a student has made an error, state whether or not 

the errors are consistent with the student’s work on other problems. Also, describe how the student is solving the 


problems and state why the student’s work may seem reasonable to that student.


Sonda

(a)

2
2
2
(b)

7
8
6
(c)


8
2
(d)

5
1
7




×
4



×
3


×
3
7

×
4
6
3



2
2
8


7
9
8


2
5
4

2
0
8
1

Darren

(a)

2
2
2
(b)

7
8
6
(c)


8
2
(d)



5
1
7





×
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×
3


×
3
7



×
4
6
3



8
8
8

2
3
5
8

3
0
3
4

2
3
9
3
7
1



Kareem

(a)

2
2
2
(b)

7
8
6
(c)


8
2
(d)



5
1
7





×
4



×
3


×
3
7



×
4
6
3




8
8
8

2
1
4
8

3
0
2
4

2
3
6
9
5
1

Kathy

(a)

2
2
2
(b)

7
8
6
(c)


8
2
(d)



5
1
7





×
4



×
3


×
3
7



×
4
6
3




8
8
8

2
7
7
8

3
0
9
4

2
9
2
4
1
1

Ana

(a)

2
2
2
(b)

7
8
6
(c)


8
2
(d)

5
1
7





×
4



×
3


×
3
7

×
4
6
3



8
8
8

2
3
5
8


8
2
0

6
7
2
1



Note that an incorrect method will often give correct solutions on some problems. This is the reason




a teacher needs to ask a variety of types of questions.
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