Section 3.3 – Algorithms for Whole Number Subtraction
Review the definitions for subtraction of whole numbers. 

Take-away. Let A and B be two finite sets such that B  A, n(A) = a and n(B) = b, then a – b = n(A – B).


Missing-addend Let a and b be whole numbers. Then a – b = c if and only if there is a whole number c such that b + c = a.



The a is called the minuend, b is called the subtrahend, and c is called the difference.
Algorithms for Subtraction of Whole Numbers.


1.
Counting Up Algorithm (Similar to the Cashier’s Algorithm)
 The problem is based on the comparison model and the missing-addend definition. The procedure for determining the difference is to begin with the subtrahend and count up to the minuend, i.e., find the missing-addend by counting up from the subtrahend. Record the count for each power of ten. The difference is the sum of the values from the count.




7
8
5






–
3
5
3














7
(354, 355, 356, 357, 358, 359, 360)






4
0
(370, 380, 390, 400)
 




3
0
0
(500, 600, 700)




+

8
5
(701, 702, 703, 704, …, 785)





4
3
2






1
2
4
7




3
4
9
3






–
7
5
8



–
1
5
2
7






2
(759 to 760)






3
(1528 to 1530)






4
0
(761 to 800)





7
0
(1531 to 1600) 





2
0
0
(801 to 1000)




4
0
0
(1601 to 2000)



+
2
4
7
(1001 to 1247)



1
0
0
0
(2001 to 3000)




4
8
9



+

4
9
3
(3001 to 3493)











1
9
6
6

2.
Equal Additions Algorithm


For each place-value, an equal amount is added to both the minuend and subtrahend to form a basic fact subtraction. The actual subtraction may be completed by either the take-away or missing-addend approach.
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3.
Standard Subtraction Algorithm (Decomposition Algorithm)


Exchanges completed only on the minuend. 
The actual subtraction may be completed by either the take-away or missing-addend approach.
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4.
Add the Complement Algorithm


Definition. In base ten, the complement of a whole number is found by subtracting each digit from 9.





Examples.  





number
complement




72
27

(99 – 72 = 27)





358
642

(999 – 358 = 642)





10,294
89,705

(99,999 – 10,294 = 89,705)



Algorithm. Change the problem to an addition problem by adding to the subtrahend and subtracting that amount at the end of the problem. The procedure is to replace the subtrahend with its complement, then adding the two values. Finally, subtract the amount that was added by dropping the lead one and adding one to the result.
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That is 999 – 353 = 646.  (The 646 is the complement of 353.)
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Since this value is 999 larger than the actual difference, we need to subtract 999. We do this
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subtraction by noting that 999 = 1,000 – 1. So, we subtract 1,000 and add 1.
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Add 9,999 to the total value.
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That is 9,999 –1,527 = 8,472.
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we added earlier by subtracting 10,000 and adding 1.
Justifications
Justify 45 – 26 = 19 for each of the four algorithms.


The justifications use properties of integers, which will be covered later in the semester. These justifications are for you as a teacher to understand; they are not for elementary students.
Counting Up Algorithm.

Use the Missing-addend definition, i.e, 45 – 26 = 19 if and only if 26 + 19 = 45.



26 + 19
= 26 + (4 + 10 + 5)
Basic Facts



= (26 + 4) + (10 + 5)
Associative Property for Addition



= 30 + (10 + 5)

Basic Facts



= (30 + 10) + 5

Associative Property for Addition



= 40 + 5



Basic facts



= 45



Basic facts
Equal Additions Algorithm.

45 – 26 
= (4∙101 + 5∙100) – (2∙101 + 6∙100)   
Expanded Notation (Place Value)



= (4∙101 – 2∙101) + (5∙100 – 6∙100) 
Associative and Commutative Properties    



= (4 –2)∙101 + (5 – 6)∙100 
Distributive Property of Multiplication over Subtraction



= (4 –2)∙101 + 0 + (5 – 6)∙100 
Additive Identity



= (4 –2)∙101 – 101 + 101 + (5 – 6)∙100 
Inverse Property for Addition




= (4 – 2)∙101 – 1∙101  + 10 ∙100  + (5 – 6)∙100 
Multiplicative Identity



= (4 – 2 –1)∙101  +  (10 + 5 – 6)∙100 
Distributive Property of Multiplication



= (4 – 3) ∙101  + (15 – 6)∙100 
Basic Facts



= 1∙101  + 9∙100 


Basic Facts



= 19



Place Value (Expanded Notation)
Standard Subtraction Algorithm

45 – 26
 = (40 + 5) – (20 + 6)

Expanded Notation (Place Value)



= (40 – 20) + (5 – 6)

Associative & Commutative Properties



= (40 – 20)  +  0  + (5 – 6)
Additive Identity



= (40 – 20)  – 10 + 10 + (5 – 6)
Inverse Property for Addition



= (40 – 20 – 10) + (10 + 5 – 6)
Associative Property for Addition



= (30 – 20) + (15 – 6)

Commutative Property and Basic Facts



= 10 + 9



Basic Facts



=19



Place Value (Expanded Notation)
Add the Complement Algorithm

45 – 26
= 45 + 0 – 26



Additive Identity



= 45 + 99 – 99 – 26

Inverse Property for Addition



= 45 + 99 – 26 – 99

Commutative Property



= 45 + 73 – 99


Basic Facts



= 118 – 99



Basic Facts



= 118 – 100 + 1


Basic Facts



= 18 + 1



Basic Facts



= 19



Basic Facts
Example of Language of the Blocks in Base Four Subtraction
Standard Subtraction Algorithm using the Missing Addend Model—Base Four.
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(We must translate the problem 
into the language of the blocks.)

I am going to use the base four blocks and a place-value card. I put out on the top row of the card 3 flats, 1 long and 1 unit. On the second row of the card, I will put out 1 
flat, 3 longs and 3 units.

(Now attach meaning to the minus sign.)

I am trying to find out how much more wood I have to put together with 1 flat, 3 
longs and 3 units to give me the same amount of wood as I see in the top row. 
(Next, begin the process.)

I have 3 units on the second row, how many more units must I put together with 3 units to give me 1 unit? I do not have any idea. So, on the top row of my card, I 
will exchange 1 long for 10 units giving me 11 units and leaving me with no longs. Now I will put 2 units on the bottom row of my card because 2 units together with 3 units would make 11 units. 

How many longs must I put together with 3 longs to 
give me no longs? I do not know. So, on the top row of my card, I will exchange 1 
flat for 10 longs that will give me 10 longs and leave me with 2 flats. Now I will put 1 long on the bottom row of my card because 1 long together with 3 longs will 
make 10 longs. 

How many flats must I put together with 1 flat to give me 2 flats? I 
will put 1 flat on the bottom row of my card, because 1 flat together with 1 flat will 
make 2 flats. 
(Summarize)
On the bottom row of my card I now have 1 flat, 1 long and 2 units.

Base Four – Subtraction of Whole Numbers
Directions.  Use the base four multibase blocks to complete the following problems using the indicated algorithm. Complete a step physically and state verbally, then record the results of the step before proceeding to the next step. 

Standard Subtraction Algorithm  
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Counting Up Algorithm.  Repeat the above three problems. Build two towers that represent the two amounts that are being compared. Use the missing-addend approach to find how much more wood the larger tower has than the smaller tower by adding wood to the smaller tower.
More Practice. Make up several problems and complete using each of the above three algorithms.
Base Five – Subtraction of Whole Numbers
Directions.  Use the base five multibase blocks to complete the following problems using the indicated algorithm. Complete a step physically and state verbally, then record the results of the step before proceeding to the next step. 

Standard Subtraction Algorithm
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Counting Up Algorithm.  Repeat the above three problems. Build two towers that represent the two amounts that are being compared. Use the missing-addend approach to find how much more wood the larger tower has than the smaller tower by adding wood to the smaller tower.
More Practice. Make up several problems and complete using each of the above three algorithms.

Base Six – Subtraction of Whole Numbers
Directions.  Use the base six multibase blocks to complete the following problems using the indicated algorithm. Complete a step physically and state verbally, then record the results of the step before proceeding to the next step. 

Standard Subtraction Algorithm
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Counting Up Algorithm.  Repeat the above three problems. Build two towers that represent the two amounts that are being compared. Use the missing-addend approach to find how much more wood the larger tower has than the smaller tower by adding wood to the smaller tower.
More Practice. Make up several problems and complete using each of the above three algorithms.

Homework and Practice Exercises
1.
Use each of the four algorithms to find the difference for each exercise: 
counting up, equal additions, standard subtraction, and add the complement.


(a)
   37
(b)
 284
(c)
   6051
(d)      5374
(e)
  17000


– 19

– 96

– 2503

– 2746

 – 8276
2.
Use each of the four algorithms to find the difference for each exercise in the indicated base: 

counting up, equal additions, standard subtraction, and add the complement.


(a)
base three
(b)
base four
(c)
base five
(d)
base six
(e)
base eight



   2201

   3201

   4403

   3524

   5727



– 1112

– 1123

– 2423

– 1453

– 2754



3.
Examine each problem carefully and determine the base that was used to work the problem.


(a)
   32
(b)
   3311
(c)
   3211
(d)
   4131
(e)
   4061


– 24

– 1323

– 2223

– 2233

– 2455


     6

   1433

     766

   1454

  1707
4.
Correct each student’s quiz. Identify any errors that have occurred. If a student has made an error, state whether or not 

the errors are consistent with the student’s work on other problems. Also, describe how the student is solving the 


problems and state why the student’s work may seem reasonable to that student.


Taylor

(a)

6
8
7
(b)

7
8
6
(c)

5
0
3
(d)

4
6
5


–
4
8
3

–
2
6
7

–
2
6
9

–
3
8
3



2
0
4


5
2
1


3
6
6


1
2
2

Margarita

(a)

6
8
7
(b)

7
8
6
(c)

5
0
3
(d)

4
6
5



–
4
8
3

–
2
6
7

–
2
6
9

–
3
8
3



2
0
4


5
2
9


3
4
4


1
8
2










1
0


1
1
0


1
0
0








5
1
9


2
3
4



8
2

Scott

(a)

6
8
7
(b)


7
16
(c)

4
10
13
(d)

3
16


–
4
8
3


7
8
6


5
0
3


4
6
5



2
0
4

–
2
6
7

–
2
6
9

–
3
8
3








5
1
9


2
4
4



8
2

Sally

(a)

6
8
7
(b)


7
16
(c)

3
9

(d)

3
16




–
4
8
3


7
8
6


4
10
13


4
6
5



2
0
4

–
2
6
7


5
0
3

–
3
8
3








5
1
9

–
2
6
9



8
2













1
3
4


Note that an incorrect method will often give correct solutions on some problems. This is the reason




a teacher needs to ask a variety of types of questions.











































































