Section 5.3 – Divisibility;  Section 5.4 – Prime and Composite Numbers
Complete the following table using square tiles to make rectangles. List all the possible rectangles you can form with the given counting number of tiles.
	Number of Tiles
	Dimensions of the possible rectangles made with the tiles 
(Area Model)
	Number of Rectangles
	List of Factors

	2


	
	
	

	3


	
	
	

	4


	
	
	

	5


	
	
	

	6


	
	
	

	7


	
	
	

	8


	
	
	

	9


	
	
	

	10


	
	
	

	11


	
	
	

	12


	
	
	

	13

	
	
	

	14

	
	
	

	15

	
	
	

	16

	
	
	

	17

	
	
	

	18

	
	
	

	19

	
	
	


Review Definitions. 

Repeated Addition. Given a whole number a ( 0 of equal sets, each containing b elements, 

we define 
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 and 0 ( b = 0.  

Cartesian Product. Let A and B be two finite sets such that n(A) = a and n(B) = b, then ab = n(A × B).

The numbers a and b are called factors and ab is the product.
Definition.  For any integers a and b with b ( 0, we say that a divides b, denoted a | b, if and only if there is a unique integer  k, such that ak = b.


Equivalent General Statements.


a  divides  b.

a is a divisor of b.

a is a factor of b.


b is a multiple of a.


b is divisible by a.

Example.




4 | 12  since 3 is an integer such that 4 ( 3 =  12.  

This shows that 4 divides 12;  4 is a factor of 12;  4 is a divisor of 12; 12 is a multiple of 4; and 12 is divisible by 4.



5 ∤ 12 since there is no integer k such that 5k = 12.

This shows that 5 does not divide 12; 5 is not a factor of 12; 5 is not a divisor of 12; 12 is not a multiple of 5; and 12 is not divisible by 5.
Definition.  An integer that is divisible by two is an even  integer and an integer that is not divisible by two is an odd integer. 

Example.




The integer –34 is even since 2 ∙ (–17) = –34 implies 2 | (–34).



The integer –15 is odd since  2 ∤ (–15), i.e., there is no integer n such that 2n = –15.

Definition.  A prime number is a natural number (counting number) that has exactly two distinct natural number factors, i.e., one and itself.
Definition. A composite number is a natural number that has more than two distinct natural number factors.


Note.  The number one, 1, is neither a prime nor a composite.

Examples.



1.
Which numbers were prime in the tiles investigation?  



How many rectangles were you able to form with a prime number of tiles?



2.
Which numbers were composite in the tiles investigation?  



How many rectangles were you able to form with a composite number of tiles?

How can prime numbers be generated?


One method is called the Sieve of Erathosthenes. The procedure is to mark the number two then cross out every 

second number. Repeat the procedure by crossing out every third number after three, etc.

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, …


The underlined numbers are prime and the crossed out numbers are composite.


A dynamic illustration of the Sieve of Erathosthenes can be found in Wikipedia at 
http://en.wikipedia.org/wiki/Sieve_of_Eratosthenes .
Fundamental Theorem of Arithmetic. 
Each composite number can be expressed as the product of primes in a unique way (without regard to order).


Examples. Use a tree diagram to find a prime factorization for each given natural number.
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600 = 2 ( 2 ( 2 ( 3 ( 5 ( 5



= 23 ( 3 ( 52
A question arises: How do we know when a natural number is a prime?

A divisibility test is to divide by all natural numbers (prime numbers) up to the square root of the natural number being tested.


Examples. Determine whether the natural number is prime.


89

173
187

All Factors of a Natural Number.

How can we find all the possible factors of a natural number?

Use the information from the tile investigation to list all the possible factors.


(a)
6
(b)
12
(c)
18


The physical method for the tile investigation works nicely for illustrations and natural numbers that are not large
in value. We would like a systematic method that will work for natural numbers that are large in value. We will


use the prime factorization of a natural number in exponential form. Then list all the possible exponential forms with 


exponents less than or equal to the exponents of the prime factorization.

(a)
12 = 22 ( 3
factors
(b)
18
factors





20 ( 30 = 1
21 ( 30 = 2
22 ( 30 = 4








20 ( 31 = 3
21 ( 31 = 6
22 ( 31 = 12



{1, 2, 3, 4, 6, 12}




(c)
600 = 23 ( 3 ( 52
factors



	20 ( 30 ( 50 = 1
	21 ( 30 ( 50 = 2
	22 ( 30 ( 50 = 4
	23 ( 30 ( 50 = 8

	20 ( 31 ( 50 = 3
	21 ( 31 ( 50 = 6
	22 ( 31 ( 50 = 12
	23 ( 31 ( 50 = 24

	
	
	
	

	20 ( 30 ( 51 = 5
	21 ( 30 ( 51 = 10
	22 ( 30 ( 51 = 20
	23 ( 30 ( 51 = 40

	20 ( 31 ( 51 = 15
	21 ( 31 ( 51 = 30
	22 ( 31 ( 51 = 60
	23 ( 31 ( 51 = 120

	
	
	
	

	20 ( 30 ( 52 = 25
	21 ( 30 ( 52 = 50
	22 ( 30 ( 52 = 100
	23 ( 30 ( 52 = 200

	20 ( 31 ( 52 = 75
	21 ( 31 ( 52 = 150
	22 ( 31 ( 52 = 300
	23 ( 31 ( 52 = 600





{1,  2,  3,  4, 5, 6, 8, 10, 12, 15, 20, 24, 25, 30, 40, 50, 60, 75, 100, 120, 150, 200, 300, 600}

How do we know we have all the factors?

Counting Factors
How many natural number factors does a natural number have?  To answer this question we use the Fundamental Counting Principle with the exponent form of the prime factorization. 


Example: 
600 = 23 ( 3 ( 52




Since the exponent for the factor 2 is 3, we have 4 choices (0, 1, 2, & 3) for the exponent of 2.




Since the exponent for the factor 3 is 1, we have 2 choices (0 & 1) for the exponent of 3.





Since the exponent for the factor 5 is 2, we have 3 choices (0, 1, & 2) for the exponent of 5.





Hence, we should have 4 ∙ 2 ∙ 3 = 24 different factors for 600. 




Is this the number of factors we found earlier?
In General, if p1, p2, …, pk are primes and n1, n2, …, nk are whole numbers, then 
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 has 
(n1 + 1)(n2 + 1) …  (nk + 1) factors.

Example:  6,667,920  = 24 ∙ 35 ∙ 51 ∙ 73  has (4 + 1)(5 + 1)(1 + 1)(3 + 1) = 5 ∙ 6 ∙ 2 ∙ 4 = 240 divisors.
Tests for Divisibility
Divisibility test for 2.  An integer is divisible by two if and only if the unit’s digit is even.

Examples.  Which are divisible by 2?




16,    785,    982,    –2891,    –3794,    7000,    –4807



Since 6, 2, 4, & 0 are even, 16, 982, –3794, and 7000 are divisible by 2.



Since 5, 1, & 7 are odd, 785, –2891, and  –4807 are not divisible by 2.


Justification for a three-digit numeral.




Let n be an integer that may be expressed as a three digit numeral, then n = 100a + 10b + c. 



Assume c is divisible by 2. Then there is an integer k such that c = 2k. We substitute for c,




n = 100a + 10b + c = 100a + 10b + 2k = 2(50a + 5b + k).




Since 50a + 5b + k is an integer, n is divisible by 2.
Divisibility test for 5.  An integer is divisible by five if and only if the unit’s digit is 0 or 5.


Examples.  Which are divisible by 5?





160,    785,    503,    –9554,    –3795,    7000,    –5557




Since the unit’s digit is 0,  160 and 7000 are divisible by 5.



Since the unit’s digit is 5,  785 and  –3795 are divisible by 5.


Justification for a three-digit numeral.




Let n be an integer that may be expressed as a three digit numeral, then n = 100a + 10b + c. 





Assume the units digit c is 5. We substitute for c,




n = 100a + 10b + c = 100a + 10b + 5 = 5(20a + 2b + 1).




Since 20a + 2b + 1 is an integer, n is divisible by 5.





Assume the units digit c is 0. We substitute for c,




n = 100a + 10b + c = 100a + 10b + 0 = 100a + 10b = 5(20a + 2b).




Since 20a + 2b is an integer, n is divisible by 5.
Divisibility test for 10.  An integer is divisible by ten if and only if the unit’s digit is 0.


Examples.  Which are divisible by 10?





160,    785,    503,    –9004,    –3795,    7000,    –5007




Since the unit’s digit is 0,  160 and 7000 are divisible by 5.


Justification for a three-digit numeral.




Let n be an integer that may be expressed as a three digit numeral, then n = 100a + 10b + c. 




Assume the units digit c is 0. We substitute for c,




n = 100a + 10b + c = 100a + 10b + 0 = 100a + 10b = 10(10a + b).




Since 10a + b is an integer, n is divisible by 5.
Divisibility test for 3.  An integer is divisible by three if and only if the sum of the digits is divisible by 3.


Examples.  Which are divisible by 3?





240,    784,    503,    –9339,    –1782,    6111,    –5897




Since 2 + 4 + 0 = 6 and 3|6, 240 is divisible by 3.




Since 7 + 8 + 4 = 19 and 3∤19, 784 is not divisible by 3.



Since 5 + 0 + 3 = 8 and 3∤8, 503 is not divisible by 3.




Since 9 + 3 + 3 + 9 = 24 and 3|24, –9339 is divisible by 3.




Since 1 + 7 + 8 + 2 = 18 and 3|18, –1782 is divisible by 3.




Since 6 + 1 + 1 + 1 = 9 and 3|9, –6111 is divisible by 3.




Since 5 + 8 + 9 + 7 = 29 and 3∤29, –5897 is not divisible by 3.

Justification for a three-digit numeral.




Let n be an integer that may be expressed as a three digit numeral, then n = 100a + 10b + c. 




Assume the sum of the digits is divisible by 3. Then there is an integer k such that a + b + c = 3k.




Then 




n = 100a + 10b + c = (99a + 9b) + (a + b + c) = 99a + 9b + 3k = 3(33a + 3b + k)



Since 33a + 3b + k is an integer, n is divisible by 3.

Divisibility test for 9.  An integer is divisible by nine if and only if the sum of the digits is divisible by 9.


Examples.  Which are divisible by 9?





360,    784,    503,    –9339,    –1782,    6111,    –5897



Since 3 + 6 + 0 = 9 and 9|9, 360 is divisible by 9.




Since 7 + 8 + 4 = 19 and 9∤19, 784 is not divisible by 9.




Since 5 + 0 + 3 = 8 and 9∤8, 503 is not divisible by 9.




Since 9 + 3 + 3 + 9 = 24 and 9∤24, –9339 is not divisible by 9.




Since 1 + 7 + 8 + 2 = 18 and 9|18, –1782 is divisible by 9.




Since 6 + 1 + 1 + 1 = 9 and 9|9, –6111 is divisible by 9.




Since 5 + 8 + 9 + 7 = 29 and 9∤29, –5897 is not divisible by 9.

Justification for a three-digit numeral.




Let n be an integer that may be expressed as a three digit numeral, then n = 100a + 10b + c. 




Assume the sum of the digits is divisible by 9. Then there is an integer k such that a + b + c = 9k.




Then 




n = 100a + 10b + c = (99a + 9b) + (a + b + c) = 99a + 9b + 9k = 9(11a + b + k)



Since 11a + b + k is an integer, n is divisible by 9.

Divisibility test for 6.  An integer is divisible by six if and only if the sum the integer is divisible by 2 and 3.


Examples.  Which are divisible by 6?





750,    685,    980,    –2898,    –3794,    6000,    –4702
Problem. Show the sum of any two even integers is divisible by 2.

Let a and b be even integers. Then a and b are divisible by 2, that is, there are integers m and n such that 
a = 2m and b = 2n. We then have a + b = 2m + 2n = 2(m + n). Hence, a + b is divisible by 2. So, a + b is even. 
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