Section 5.5 – Greatest Common Divisor and Least Common Multiple
How are factors involved in the following scenario?

Gary has 20 table tennis balls and 16 paddles. He wants to sell common sized packages containing both paddles and balls. What is the greatest number of packages he can sell with no left over balls or paddles?
How are multiples involved in the following scenario?

A machine contains two gears.  One gear has 12 teeth and the other has 20 teeth.  The gears are aligned by a mark drawn from the center of the first gear to the center of the second gear.  What is the smallest number of revolutions of the first gear necessary to realign the mark?

Review Definitions.  For whole numbers a and b with b ( 0, we say that a divides b, denoted a | b, if and only if there is a whole number k, such that ak = b. We say that a is a divisor of b;  a is a factor of ;  b is a multiple of a; and  b is divisible by a.


Students often have trouble doing computations with fractions. Two of the problems are: (1) finding a common denominator when adding or subtracting fractions, and (2) simplifying fractions. Students who understand how to find the greatest common factor and the least common multiple often do not have as much problem with the computations involving fractions.
Definition. The greatest common divisor for two or more natural numbers is the greatest valued natural number that is a factor of all the numbers, denoted GCD(a, b). The greatest common factor is sometimes called the greatest common divisor and denoted GCD(a, b).
Definition. The least common multiple for two or more natural numbers is the least valued natural number that is a multiple of all the numbers, denoted LCM(a, b).

We illustrate two methods for determining the greatest common divisor and least common multiple: set intersection method and prime factorization method.
Set Intersection Method
The procedure for the set intersection method for the greatest common divisor is:


1. 
write the sets of all the factors for each number; 


2.
write the intersection of those sets; and


3.
choose the greatest value from the intersection.

The procedure for the set intersection method for the least common multiple is:


1.
write the sets of all the multiples for each number;

2.
write the intersection of those sets; and


3.
choose the least value from the intersection.


Examples. Use the set intersection method to find the greatest common divisor and least common multiple.



1.
8 and 12



The sets of factors are {1, 2, 4, 8} and {1, 2, 3, 4, 6, 12}. 





{1, 2, 4, 8} ( {1, 2, 3, 4, 6, 12} = {1, 2, 4}




GCD(8, 12) = 4.



The sets of multiples are {8, 16, 24, 32, 40, 48, 56, 64, 72, …} and {12, 24, 36, 48, 60, 72, …}.




{8, 16, 24, 32, 40, 48, 56, …} ( {12, 24, 36, 48, 60, …} = {24, 48, 72, …}




LCM(8, 12) = 24.


2.
18 and 30

3.
12, 16, and 20
Prime Factorization Method
The procedure for the prime factorization method for the greatest common divisor is:


1.
write the prime factorization for each number; and


2.
find the product of all the common factors. 

The procedure for the prime factorization method for the least common multiple is:


1.
write the prime factorization for each number;


2.
list each of the common factors and all the factors that are not common;


3.
find the product.


Examples. Find the greatest common factor and least common multiple by the prime factorization method.



1.
6 and 15




  6 = 2 ( 3
GCD(6, 15) = 3



15 = 5 ( 3          
LCM(6, 15) = 3 ( 2 ( 5 = 30


2.
84 and 126



  84 = 22 ∙ 3 ∙ 7
GCD(84, 126) = 2 ∙ 3 ∙ 7 = 42



126 = 2 ∙ 32 ∙ 7
LCM(84, 126) = 22 ∙ 32 ∙ 7 = 252


3.
12, 18, and 24



12 = 22 ∙ 3
GCD(12, 18, 24) = 2 ∙ 3 = 6



18 = 2 ∙ 32
LCM(12, 18, 24) = 23 ∙ 32 = 72



24 = 23 ∙ 3


4.
1, 651,104 and 821,340



1,651,104 = 25 ∙ 34 ∙ 72 ∙ 13
GCD(1 651 104, 821 340) = 22 ∙ 34 ∙ 13 = 4,212



   821,340 = 22 ∙ 35 ∙ 5 ∙ 132
LCM(1 651 104, 821 340) = 25 ∙ 35 ∙ 5 ∙ 72 ∙ 132 = 321,965,280
Definition. Two natural numbers a and b are relatively prime, if GCD(a, b) = 1. 


Examples. Which of the following pairs are relatively prime?



1.
4 and 15




4 = 22 and 15 = 3 ∙ 5



Since GCD(4, 15) =1, 4 and 15 are relatively prime.


2.
9 and 21




9 = 32 and 21 = 3 ∙ 7



Since GCD(9, 21) = 3,  9 and 21 are not relatively prime.


3.
24 and 35

Note that if a | b and a | c, then a | (b – c) where b ( c. Show this is true.

Since a | b, there is an integer m such that  b = ma.

Since a | c, there is an integer n such that  c = na.


Then b – c = ma – na = (m – n)a.

Hence,  a | (b – c).

The above statement gives us another method for finding the greatest common divisor, the Euclidean Algorithm. The procedure is to divide using the number of least value as the divisor. If there is a remainder, repeat the process by dividing using the divisor as the dividend and the remainder as the new divisor. The greatest common divisor is the last divisor when the remainder is zero.

Example. Find the greatest common divisor.



1.
136 and 153




153 ( 136 = 1 R17,  136 ( 17 = 8      GCD(136, 153) = 17


2.
340 and 560

560 ( 340 = 1 R220,  340 ( 220 = 1 R120,  220 ( 120 = 1 R100,  120 ( 100 = 1 R20,  100 ( 20 = 5

Hence, the GCD(340, 560) = 20
Problems and Exercises

1.
(Fun problem) Suppose a rooster crows every 12 hours, a dog barks every 8 hours, and a baby cries every 


10 hours. If the rooster crowed, the dog barked, and the baby cried at 5:00 a.m. on October 27th, when would be



the next time that all three events would occur at the same time?


2.
Use the set intersection method to find the LCM and GCD.


(a)
12 and 18
(b)
6, 15, and 21

3.
Use the prime factorization method to find the LCM and GCD.



(a)
504 and 600
(b)
60, 126, and 270

4.
Use the Euclidean Algorithm to find the GCD.



(a)
488 and 548
(c)
267 and 795


5.
(Biorhythm problem) Some people have suggested that a person's biological functioning is controlled by three independent phenomena. The rhythms are: physical period of 23 days, emotional period of 28 days, and intellectual period of 33 days. If all three cycles are at a high point for you on March 12th, when will the next date occur that all three cycles are at a high point?




































