Session 36 — Five-Number Summary and Box Plots

Interpret the information given in the following box-and-whisker plot.

The results from a pre-test for students for the year 2000 and the year 2010 are illustrated in
the box plot. What do these results tell us about how students performed on the 29 question
pre-test for the two years?
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2010 — |

If we compare only the lowest and highest scores between the two years, we might conclude
that the students in 2010 did better than the students in 2010. This conclusion seems to follow since
the lowest score of 8 in 2010 is greater in value than the lowest score of 6 in 2000. Also, the highest
score of 28 in 2010 is greater in value than the highest score of 27 in 2000.

But the box portion of the illustration gives us more detailed information. The middle bar in
each box shows us that the median score of 20 in 2000 is greater in value than the median score of
17 in 2010. Further, we note that the box and whiskers divide the illustration into four pieces. Each
of these four pieces represents the same portion of students. So, the upper half of the students in
2000 scored in the same score range as the upper one-fourth of the students in 2010, see the
illustration at a score of 20.

By considering the upper one-fourth, upper half, and upper three-fourths instead of just the
lowest and highest scores, we would conclude that the students as a whole did much better in 2000
than in 2010. We would conclude that as a whole the students in 2010 are less prepared than the
students in 2000.

In this section, we discuss box-and-whisker plots and the five key values used in constructing a
box-and-whisker plot. The key values are called a five-number summary, which consists of the
minimum, first quartile, median, second quartile, and maximum.

Brief Review of Median

In previous sessions, we worked problems involving the mean and median. For this session, we
primarily use the median. Here is a brief review of terms used with the median:

e A data set is any finite set of real numbers.

e A data setis in increasing order if the numbers in the data set are arranged from the least
value to greatest value with the least value on the left and the greatest value on the right.

e The median of a data set is the number that, when the set is put into increasing order, divides
the data into two equal parts.

e If a data set has an odd number of data points, then the median is the middle data value
(when the data is in increasing order).

e [f a data set has an even number of data points, then the median is the mean of the two middle
data values (when the data is in increasing order).
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Example 1: Find the median of the data set {3, 7, 8, 5, 12, 14, 21, 13, 18}.
First, we put the values in the data set into increasing order: 3, 5, 7, 8, 12, 13, 14, 18, 21.

Notice that the number of data values is 9, which is odd (there are nine numbers in this
data set). Then the middle data value is the 5™ value, counting from either the left or the
right.

Therefore the median is 12.
(The values 3, 5, 7, and 8 are to the left of 12, and 13, 14, 18, and 21 are to the right of
12.)

Example 2: Find the median of the data set {3, 7, 8, 5, 12, 14, 21, 15, 18, 14}.
Note that here we consider the two 14’s to be distinct elements and not representing the
same item; consider this like you obtained a score of 14 on two different quizzes.
First, we put the values into increasing order: 3, 5, 7, 8, 12, 14, 14, 15, 18, 21.
Notice that there are 10 values, which is even. Then the middle data values are the 5"
value from the left and the 5™ value from the right. That is, 12 and 14 (the leftmost of
the two 14s).

Therefore the median is the mean of the two middle values:

The median is 12+14 :2—26 =13.
First Quartile and Third Quartile
Definitions:

e The lower half of a data set is the set of all values that are to the left of the median value
when the data has been put into increasing order.

e The upper half of a data set is the set of all values that are to the right of the median value
when the data has been put into increasing order.

e The first quartile, denoted by Q;, is the median of the lower half of the data set. This means
that about 25% of the numbers in the data set lie below Q; and about 75% lie above Q;.

e The third quartile, denoted by Qs, is the median of the upper half of the data set. This means
that about 75% of the numbers in the data set lie below Qs and about 25% lie above Qs.

Example 1: Find the first and third quartiles of the data set {3, 7, 8, 5, 12, 14, 21, 13, 18}.

First, we write data in increasing order: 3,5, 7, 8, 12, 13, 14, 18, 21.

3,5 7 8 @ 13, 14, 18, 21
¢ J

“lower half” “uppe?r( half”
median

As before, the median is 12. Therefore, the lower half of the data is: {3, 5, 7, 8}.
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Example 2:

Definitions:

The first quartile, Q1, is the median of {3, 5, 7, 8}. Since there is an even number of
values, we need the mean of the middle two values to find the first quartile:

Similarly, the upper half of the data is: {13, 14, 18, 21}, so

14418 32
2 2

Q, 16.

Find the first and third quartiles of the set {3, 7, 8, 5, 12, 14, 21, 15, 18, 14}.

Note that here we consider the two 14’s to be distinct elements and not representing the
same item; consider this like you obtained a score of 14 on two different quizzes.

First, we write the data in increasing order: 3, 5, 7, 8, 12, 14, 14, 15, 18, 21.

As before, the median is 13 (it is the mean of 12 and 14 — the pair of middle entries).

Therefore, the lower half of the data is: {3, 5, 7, 8, 12}. Notice that 12 is included in
the lower half since it is below the median value.

Then Q; = 7 (there are five values in the lower half, so the middle value is the median).

Similarly, the upper half of the data is: {14, 14, 15, 18, 21}, so Q3 = 15.

Five-Number Summary

e The minimum value of a data set is the least value in the set.

e The maximum value of a data set is the greatest value in the set.

e The range of a data set is the distance between the maximum and minimum value. To
compute the range of a data set, we subtract the minimum from the maximum:

range = maximum — minimum

e The interquartile range of a data set is the distance between the two quartiles.

Interquartile range = Qs — Q;

Example 1: Find the range and interquartile range of the set {3, 7, 8, 5, 12, 14, 21, 13, 18}.

First, we write the data in increasing order: 3, 5, 7, 8, 12, 13, 14, 18, 21.
range = max — min = 21 — 3 = 18. Recall from before that Q; = 6 and Q3 = 16.
Therefore, the interquartile range = Q3 — Q; = 16 — 6 = 10.

The range is 18 and the interquartile range is 10.
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Example 2: Find the range and interquartile range of the set {3, 7, 8, 5, 12, 14, 21, 15, 18, 14}.

First, we write the data in increasing order: 3, 5, 7, 8, 12, 14, 14, 15, 18, 21.
range = max — min = 21 — 3 = 18. Recall from before that Q; = 7 and Q3 = 15.
Therefore, the interquartile range = Q3 —Q; = 15-7 =8.

The range is 18 and the interquartile range is 8.

Definition: The five-number summary of a data set consists of the five numbers determined by
computing the minimum, Q;, median, Qs, and maximum of the data set.

Example 1: Find the five-number summary for the data set {3, 7, 8, 5, 12, 14, 21, 13, 18}.

From our previous Example 1’s, we see that the five-number summary is:
Minimum: 3 Qi1:6 Median: 12 Qs: 16 Maximum: 21

Example 2: Find the five-number summary for the data set {3, 7, 8, 5, 12, 14, 21, 15, 18, 14}.

From our previous Example 2’s, we see that the five-number summary is:
Minimum: 3 Q.7 Median: 13 Qs: 15 Maximum: 21

Box-and-Whisker Plot

Definition: A box-and-whisker plot or boxplot is a diagram based on the five-number summary of a
data set. To construct this diagram, we first draw an equal interval scale on which to make our box
plot. DO NOT just draw a boxplot shape and label points with the numbers from the 5-number
summary. The boxplot is a visual representation of the distribution of the data. Greater distances in
the diagram should correspond to greater distances between numeric values.

Using the equal interval scale, we draw a rectangular box with one end at Q; and the other end
at Qs. And then we draw a vertical segment at the median value. Finally, we draw two horizontal
segments on each side of the box, one down to the minimum value and one up to the maximum
value, (these segments are called the “whiskers”).

Example 1: Draw a box-and-whisker plot for the data set {3, 7, 8, 5, 12, 14, 21, 13, 18}.

From our previous Example 1, we had the five-number summary:
Minimum: 3 Q1.6 Median: 12 Qs3: 16 Maximum: 21
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Notice that in any box-and-whisker plot, the left-side whisker represents where we find
approximately the lowest 25% of the data and the right-side whisker represents where we find
approximately the highest 25% of the data. The box part represents the interquartile range and
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represents approximately the middle 50% of all the data. The data is divided into four regions, which

each represent approximately 25% of the data. This gives us a nice visual representation of how the
data is spread out across the range.

Example 2: Draw a box-and-whisker plot for the data set {3, 7, 8, 5, 12, 14, 21, 15, 18, 14}.

From our previous Example 2, we had the five-number summary:
Minimum: 3 Q17 Median: 13 Qs: 15 Maximum: 21

When we relate two data sets based on the same scale, we may examine box-and-whisker plots
to get an idea of how the two data sets compare.

Example 3: Suppose that the box-and-whisker plots below represent quiz scores out of 25 points
for Quiz 1 and Quiz 2 for the same class.

What do these box-and-whisker plots show about how the class did on test #2
compared to test #1?

Test 2 |

Test 1 |— |

These box-and-whisker plots show that the lowest score, highest score, and Qs are
all the same for both exams, so performance on the two exams were quite similar.
However, the movement Q; up from a score of 6 to a score of 9 indicates that there
was an overall improvement. On the first test, approximately 75% of the students

scored at or above a score of 6. On the second test, the same number of students
(75%) scored at or above a score of 9.
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